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Abstract 

The main purpose in the present paper is to build a Hamiltonian theory for 
fields which is consistent with the principles of relativity. For this we consider 
detailed geometric pictures of Lepage theories in the spirit of Dedecker and try 
to stress out the interplay between the Lepage-Dedecker {LP) description and the 
(more usual) de Bonder-Weyl (clDW) one. For instance the Legendre transform 
in the dDW approach is replaced by a Legendre correspondence in the LP theory, 
while ignoring singularities whenever the Lagrangian is degenerate. Moreover we 
show that there exist two different definitions of the observable (n — l)-forms which 
allows one to construct observable functionals by integration^, oddly enough we 
prove that these two definitions coincides only in the LP situation. Finally other 
contributions concerning this subject and examples are also given. 
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^which correspond to two different points of view: 

{H,F} 


generalizing the law {p, g} = 1 or the law ^ 



1 Introduction 


1.1 Presentation 

Multisymplectic formalisms are finite dimensional descriptions of variational problems 
with several variables (or field theories for physicists) analogue to the well-known Hamil¬ 
tonian theory of point mechanics. For example consider on the set of maps u : R” —>■ R 
a Lagrangian action of the type 

C-[u]= f L{x,u{x),'Vu{x))dx^ ■ ■ ■ dx'^. 


Then it is well-known that the maps which are critical points of C are characterised by 


the Euler-Lagrange equation 


a / dL 

I d(dfj,u) 


9L 

du ■ 


By analogy with the Hamiltonian theory 


we can do the change of variables := 


and define the Hamiltonian function 


du 

H{x,u,p) := - L{x,u,Vu), 

where here Vm = (^) is a function of (x, u,p) dehned implicitely byp^ := u, Vm). 

Then the Euler-Lagrange equation is equivalent to the generalized Hamilton system of 
equations 


du 

dp^ 

2-^ 


dH 

dpi^ 

dH 

du 


x,u,p) 

{x,u,p). 


( 1 ) 


This simple observation is the basis of a theory discovered by T. de Bonder and H. 
Weyl 1^ independently in 1935. This theory can be formulated in a geometric setting, an 
analogue of the symplectic geometry, which is governed by the Poincare-Cartan n-form 
9 := euj + p^du A o;^ (where oj := dx^ A • ■ ■ A dx" and := J ui) and its differential 
B := dO, often called multisymplectic (or polysymplectic form). 


Although similar to mechanics this theory shows up deep differences. The first one, which 
can be noticed by looking at the system (j^), is that there is a disymmetry between the 
“position” variable u and the “momentum” variables p^. Since (|^ involves a divergence 
of p^ one can anticipate that, when formulated in more geometrical terms, p^ will be 
interpreted as the components of a (n — l)-form, whereas u as a scalar function. Another 
difference is that there exist other theories which are analogues of Hamilton’s one: for 
instance the first one, constructed by C. Caratheodory in 1929 0].... In fact, as realized 
by T. Lepage in 1936 [^], there are infinitely many theories, due to the fact that one 
could fix arbitrary the value of some tensor in the Legendre transform (see also [03 


In the present paper, which is a continuation of [[I^, we expound contributions concerning 
five important questions in this area: 

























(i) what are the features and the advantages on the Lepage theories in comparison with 
the de Donder-Weyl one ? 

(ii) the (kinematic) observable functionals defined by integration of differential (n — 1)- 
forms on hypersurfaces 

(hi) the (kinematic) observable functionals dehned by integration of differential {p — 1)- 
forms for 0 < p < n 

(iv) the dynamical observable functionals defined by integration of forms 

(v) covariance and agreement with the principles of Relativity. 

Let us explain these points in more detail. 


(i) First, the range of application of the de Donder-Weyl theory is restricted in prin¬ 
ciple to variational problems on sections of a bundle T. The right framework for it, as 
expounded in (see also [§]), consists in using the affine hrst jet bundle and its 
dual (J^) T as analogues of the tangent and the cotangent bundles for mechanics re¬ 
spectively. For non degenerate variational problems the Legendre transform induces a 
diffeomorphism between and (J^)*JF. In constrast the Lepage theories can be ap¬ 
plied to more general situations but involve, in general, many more variables and so are 
more complicated to deal with, as noticed in This is probably the reason why most 
papers on the subject focus on the de Donder-Weyl theory, e.g. 

0, 0, [0, i 


nj, 0, PI, m 


1 , 0 


i, m- A geometrical framework for build¬ 
ing all Lepage theories simultaneously was first expounded by P. Dedecker in 0: if we 
view variational problems as being dehned on n-dimensional submanifolds embedded in a 
(n-|-A;)-dimensional manifold Af, then what plays the role of the (projective) tangent bun¬ 
dle to space-time in mechanics is the Grassmann bundle Gr^Af of oriented n-dimensional 
subspaces of tangent spaces to Af. What plays the role of the cotangent bundle in me¬ 
chanics is A'^T*Af. Note that dimGr^A/” = n + k + nk so that dimA”T*A/” = n + k+ 
is strictly larger than dimGr"'A/' -|- 1 unless n = 1 (classical mechanics) or fc = 1 (subman¬ 
ifolds are hypersurfaces). This difference between the dimensions rehects the multiplicity 
of Lepage theories: as shown in 0, we substitute to the Legendre transform a Legendre 
correspondence which to each n-subspace T G Gr'^Af (a “generalized velocity”) associates 
an affine subspace of K^T*Af called pseudofibre by Dedecker. Then two points in the 
same pseudohber do actually represent the same physical (inhnitesimal) state, so that the 
coordinates on A^T*Af, called momentoi'des by Dedecker do not represent physically ob¬ 
servable quantities. In this picture any choice of a Lepage theory corresponds in selecting 
a submanifold of A^T*Af, which — when the induced Legendre transform is invertible 
— intersects transversally all pseudofibers at one point (see Figure 0): so the Legendre 
correspondence specializes to a Legendre transform. For instance the de Donder-Weyl 
theory can be recovered in this setting by the restriction to some submanifold of A'^T*Af 
(see Section 2.3). 





























pseudofibres 



a choice of a 
Lepage theory 


Figure 1: Pseudofibers which intersect a submanifold corresponding to the choice of a 
Lepage theory 


In |]I^ and in the present paper we consider a geometric pictures of Lepage theories in 
the spirit of Dedecker and we try to stress out the interplay between the Lepage-Dedecker 
description and the de Donder-Weyl one. Roughly speaking a comparison between these 
two points of view shows up some analogy with some aspects of the projective geometry, 
for which there is no perfect system of coordinates, but basically two: the homogeneous 
ones, more symmetric but redundant (analogue to the Dedecker description) and the local 
ones (analogue to the choice of a particular Lepage theory like e.g. the de Donder-Weyl 
one). Note that both points of view are based on the same geometrical framework: a 
multisymplectic manifold. Such a structure is a manifold A4 equipped with a closed non 
degenerate (n+ l)-form D called the multisymplectic form, an analogue of the symplectic 
form (see Section 3.1 for details). For the de Donder-Weyl theory M is (J^)*JF and for 
the Lepage-Dedecker theory A4 is . In both descriptions solutions of the varia¬ 

tional problem correspond to n-dimensional submanifolds F (analogues of Hamiltonian 
trajectories: we call them Hamiltonian n-curves) and are characterized by the Hamilton 
equation W J D = (—where X is a n-multivector tangent to F, 7^ is a (Hamilto¬ 
nian) function dehned on M. and by “ J ” we mean the interior product. 

In section 2 we present a complete derivation of the (Dedecker) Legendre correspon¬ 
dence and of the generalized Hamilton equations. We use a method that does not rely 
on any trivialisation or connection on the Grassmannian bundle. A remarkable property, 
which is illustrated in this paper through the examples given in section 2.3.2, is that when 
n and k are greater than 2, the Legendre correspondence is generically never degenerate. 
The more spectacular example is when the Lagrangian density is a constant function — 
the most degenerate situation one can think about — then the Legendre correspondence is 
well-dehned almost everywhere except precisely along the de Donder-Weyl submanifold. 















Such a phenomenon can be useful when one deals for example with the bosonic string the¬ 
ory with a skewsymmetric 2-form on the target manifold (a “S-held”, as discussed in ||18||) 


or with the Yang-Mills action in 4 dimensions with a topological term in the Lagrangian: 
then the de Donder-Weyl formalism may fail but one can cure this degenerescence by 
using another Lepage theory or by working in the full Dedecker setting. 

In sections 2, 3 and 4 we explore another aspect of the (Dedecker) Legendre correspon¬ 
dence: one expects that the resulting Hamiltonian function on A”T*A/' should satisfy some 
condition expressing the “projective” invariance along each pseudohber. This is indeed 
the case. We hrst observe in Section 2.2 that any smoothly continuous deformation of a 
Hamiltonian n-curve along directions tangent to the pseudohbers remains a Hamiltonian 
n-curve. Then when we come back to the study of the geometry of A”T*A/' in section 4 
we propose an intrinsic characterization the subspaces tangent to pseudohbers in Section 
4.5. This motivates the dehnition given in Paragraph 3.3.5 of the generalized pseudofiber 
directions on any multisymplectic manifold. We also show in Paragraph 3.3.5, that under 
some hypothese observable functionals on the set of Hamiltonian u-curves are invariant 
under deformation along the generalized pseudohber directions. 

Lastly another diherence between the Lepage-Dedecker point of view and the de 
Donder-Weyl one is related to observable forms, the subject of the next paragraph. 


(ii) The second question concerns the observable functionals dehned on the set of all 
Hamiltonian n-curves P. An important class of such functionals can be constructed by 
choosing appropriate {n — l)-forms F on the multisymplectic manifold M. and a hyper¬ 
surface S of Ad which crosses transversally all Hamiltonian n-curves (we shall call slices 
such hypersurfaces). Then f^F : F i—>■ F is such a functional. One should how¬ 

ever check that such functionals measure physically relevant quantities. The philosophy 
adopted here is inspired from quantum Physics: the formalism should provide us with 
rules for predicting the dynamical evolution of an observable. There are two ways to 
translate this requirement mathematically: hrst the “inhnitesimal evolution” dF{X) of 
F along a n-multivector X tangent to a Hamiltonian n-curve should be completely deter¬ 
mined by the value of dTL at the point — this leads to the dehnition of what we call an 
observable (n — l)-/orm (OF) (see Section 3.3); alternatively, inspired by an analogy with 
classical particle mechanics, one can assume that there exists a tangent vector held 
such that J D -|- dF = 0 everywhere — we call such forms algebraic observable (n — 1)- 
forms (AOF). We believe that the notion of AOF was introduced by W. Tulczyjew in 1968 
0 (see also |^, |^, |]2^). To our knowledge the notion of OF was never considered 
before; it seems to us however that it is a more natural dehnition. It is easy to check 
that all AOF are actually OF (see section 3). But the converse is in general not true (see 
Section 3.3.3), in particular when we are using the de Donder-Weyl theory. 

It is worth here to insist on the diherence of point of view between choosing OF’s or 
AOF’s. The dehnition of OF is in fact the right notion if we are motivated by the interplay 
between the dynamics and observable functionals. It allows us to dehne a pseudobracket 
{Ti, F} between the Hamiltonian function and an OF F which leads to a generalization 

















of the famous equation ^ = {H, A} of the Hamiltonian mechanics. This is the relation 


— {'H, F}a;|r, 


( 2 ) 


where T is a Hamiltonian n-curve and a; is a given volume n-form on space-time (see 
Proposition 3.1). In constrast the dehnition of AOF’s is the right notion if we are mo¬ 
tivated in dehning an analogue of the Poisson bracket beween observable {n — l)-forms. 
This Poisson bracket, for two AOL F and G is given by {F, G} := J fl, a dehnition 

reminiscent from classical mechanics. This allows us to construct a Poisson bracket on 
functionals by the rule F, G} : P i—>■ Section 3.3). 

Now here is a subtle difference between the de Donder-Weyl and the Lepage-Dedecker 
theories: OF’s and AOF’s coincide on . This result is proved in section 4. But 

in contrast, on a submanifold of A^T*Af corresponding to the choice of a particular 
Lepage theory, like the de Donder-Weyl one, there exist OF’s which are not AOF’s. 
We call a pataplectic manifold a multisymplectic manifold on which OF’s and AOF’s 
coincide. So the Lepage-Dedecker theory is pataplectic but the de Donder-Weyl theory 
is not so: this plays in favour of the Lepage-Dedecker formalism, although it could be 
much more complicated because of the explosion of the number of nonphysical variables. 
However we will also prove (see section 4) that all OF’s in the de Donder-Weyl theory 
are actually restrictions of AOF’s from the Lepage-Dedecker theory. So one could try to 
take advantage of both points of view: working in a multisymplectic manifold, with less 
variables, and keeping in mind that there is an extension of this multisymplectic manifold 
to a pataplectic manifold, where each OF is the restriction of some AOF. This picture is 
automatically given for free by the Legendre correspondence if we start from a variational 
problem with a Lagrangian. But more generally, we can consider the following problem: 
can we embed any multisymplectic manifold on which the set of OF’s and the set of AOF’s 
differ into another multisymplectic manifold in such a way that OF’s are restrictions of 
AOF’s ? We shall address this question in a further paper |^: we prove that such an 
extension is possible if some hypotheses are satished. 

A complementary result ensures that, under suitable hypothese, the observable func¬ 
tionals dehned by integration of AOF’s are invariant by deformation along pseudo-hbers 
(Lemma 3.3 in Section 3.3.5). 


(iii) Note that it is possible to generalize the notion of observable {p — l)-forms to the 
case where 0 < p < n, as pointed out recently in |^, For example the disymmetry 


between variables u and p^ in system (0) suggests that, if the p^’s are actually the com¬ 
ponents of the observable (n — l)-form p^o;^, u should be an observable function. Another 
interesting example is the Maxwell action, where the gauge potential 1-form A^dx^ and 
the Faraday (n — 2)-form -kdA = — dyA^)uj\a are also “observable”, as pro¬ 

posed in |23|. Note that again two kinds of approaches for dehning such observable forms 


are possible, as in the preceding paragraph: either our starting point is to ensure consis¬ 
tency with the dynamics (this led us in (ii) to the dehnition of OF’s) or we privilegiate the 
dehnition which seems to be the more appropriate for having a notion of Poisson bracket 
(this led us in (ii) the dehnition of AOF’s). If we were follow the second point of view 


















we would be led to the following definition, in [^: a (p — l)-form F would be observable 
(“Hamiltonian” in [^) if and only if there exists a (n — p + l)-multivector Xp such that 
dF = {-ly-P+^Xp j Vt. Note that Xp is far from being unique in general. This dehni- 
tion has the advantage that — thanks to a consistent dehnition of Lie derivatives of forms 
with respect to multivectors due to W.M. Tulczyjew — a beautiful notion of graded 


Poisson bracket between such forms can be dehned, in an intrinsic way (see also 10. i)- 
These notions were used successfully by S. Hrabak for constructing a multisymplectic 
version of the Marsden-Weinstein symplectic reduction and of the BRST operator 
2^ . Unfortunately such a dehnition of observable (p — l)-form would not have nice dy¬ 
namical properties. For instance if := A"T*(R"' x M) with = de A a; -f dp^ A d0 A o;^, 
then the 0-form p^ would be observable, since dp^ = (—1)"'^ A ^ A • • • A J fl, but 
there would be no chance for hnding a law for the inhnitesimal change of p^ along a curve 
inside a Hamiltonian n-curve. By that we mean that there would be no hope for having 
an analogue of the relation (^) (Corollary 3.1). 

That is why we have tried to base ourself on the hrst point of view and to choose a 
dehnition of observable (p—l)-forms in order to garantee good dynamical properties, i.e. in 
the purpose of generalizing relation (^. A hrst attempt was in for variational problems 
concerning maps between manifolds. We propose here another dehnition working for all 
Lepagean theories, i.e.more general. Our new dehnition works “collectively”, requiring to 
the set of observable (p — l)-forms for 0 < p < n that their diherentials form a sub bundle 
stable by exterior multiplication and containing diherentials of observable (u — l)-forms 
{copolarisation, Section 5.1). This dehnition actually merged out as the right notion from 
our ehorts to generalize the dynamical relation (2). This is the content of Theorem 5.1. 

Once this is done we are left with the question of dehning the bracket between an 
observable (p — l)-form F and an observable {q — l)-form G. We propose here a (partial) 
answer. In Section 5.5. we hnd necessary conditions on such a bracket in order to be con¬ 
sistent with the standard bracket used by physicists in quantum held theory. Recall that 
this standard bracket is built through an inhnite dimensional Hamiltonian description of 
helds theory. This allows us to characterize what should be our correct bracket in two 
cases: either p or g is equal to n, oi p,q ^ n and p + q = n. The second situation arises for 
example for the Faraday (u —2)-form and the gauge potential 1-form in electromagnetism 
(see ’’Example 8” in Section 5.5). However we are unable to hnd a general dehnition: 
this is left as a partially open problem. Regardless, note that this analysis shows that 
the right bracket (i.e. from the point of view adopted here) should have a dehnition which 


dihers from those proposed in and also from our previous dehnition in [|^ 


(iv) Another question concerns the bracket between observable functionals obtained 
by integration of say (n — l)-forms on two different slices. This is a crucial question if one 
is concerned by the relativistic invariance of a symplectic theory. Indeed the only way 
to build a relativistic invariant theory of classical (or quantum) helds is to make sense of 
functionals (or observable operators) as dehned on the set of solution (each one being a 
complete history in space-time), independently of the choice of a time coordinate. This 
requires at least that one should be able to dehne the bracket between say the observable 



































functionals F and Jg G even when S and S are different (imagine they correspond 
to two space-like hypersurfaces). One possibility for that is to assume that one of the 
two forms, say F is such that F depends uniquely on the homology class of S. Using 
Stoke’s theorem one checks easily that such a condition is possible if {H, F} = 0. We call 
a dynamical observable {n — l)-form any observable {n — l)-form which satishes such a 
relation. All that leads us to the question of hnding all such forms. 

This problem was investigated in 0 and discussed in |]T^ (in collaboration with S. 
Coleman). It led to an interesting but deceptive answer: for a linear variational problem 
(i.e. with a linear PDE, or for free helds) one can End a rich collection of dynamical OF’s, 
roughly speaking in correspondence with the set of solutions of the linear PDE. However 
as soon as the problem becomes nonlinear (so for interacting helds) the set of dynamical 
OF’s is much more reduced and corresponds to the symmetries of the problem (so it is 
in general hnite dimensional). We come back here to this question in section 6. We are 
looking at the example of a complex scalar held with one symmetry, so that the only 
dynamical OF’s basically correspond to the total charge of the held. We show there that 
by a kind of Noether’s procedure we can enlarge the set of dynamical OF’s by including 
all smeared integrals of the current density. This exemple illustrates the fact that gauge 
symmetry helps strongly in constructing dynamical observable functionals. Another pos¬ 
sibility in order to enlarge the number of dynamical functionals is when the nonlinear 
variational problem can be approximated by a linear one: this gives rise to observable 
functionals dehned by expansions . 


(v) The main motivation for multisymplectic formalisms is to build a Hamiltonian 
theory which is consistent with the principles of Relativity, i.e. being covariant. Recall for 
instance that for all the multisymplectic formalisms which have been proposed one does 
not need to use a privilegiate time coordinate. One of our motivations in this paper was 
to try to extend this democracy between space and time coordinates to the coordinates on 
hber manifolds (i.e. along the helds themselves). This is quite in the spirit of the Kaluza- 
Klein theory and its modern avatars: 11-dimensional supergravity, string theory and 
M-theory. This concern leads us naturally to replace de Donder-Weyl by the Dedecker 
theory. In particular we do not need in our formalism to split the variables into the 
horizontal (i.e. corresponding to space-time coordinates) and vertical (i.e. non horizontal) 
categories. (Such a splitting has several drawbacks, for example it causes difficulties in 
order to define the stress-energy tensor.) Of course, as the reader can imagine many 
new difficulties appear, if we do not hx a priori the space-time/helds splitting, like for 
instance, how to dehne a slice (see paragraph (ii)), which plays the role of a constant time 
hypersurface without referring to a given space-time background ? We propose in Section 
3.3.4 a dehnition of such a slice which, roughly speaking, requires a slice to be transversal 
to all Hamiltonian u-curves. Here the idea is that the dynamics only (i.e. the Hamiltonian 
function) should determine what are the slices. We give in Section 4.1. and 4.2 more 
precise characterisations of these slices in the case where the multisymplectic manifold is 
A^T^A/”. (See also Section 5.4 for the slices of codimension greater than 1.) In the same 
spirit the (at hrst glance unpleasant) dehnition of copolarization given in Section 5.1 is 




our answer to a similar problematic: how to define forms which — in a noncovariant 
way of thinking — should be of the type dx^, where the x^’s are space-time coordinates, 
without a space-time background ? Note also that the notion of copolarization corresponds 
somehow to the philosophy of general relativity: the observable quantities again are not 
measured directly, they are compared each to the other ones. 

In exactly the same spirit we remark that the dynamical law (j^) can be expressed in 
a slightly more general form which is: if F is a Hamiltonian n-curve then 


{n,F}dGir = {n,G}dFir, 


(3) 


for all OF’s F and G (Proposition 3.1 and Theorem 5.1). Mathematically this is not 
much more difficult than (^. However is more satifactory from the point of view of 
relativity: no volume form u is singled out, the dynamics just prescribe how to compare 
two observations. 

In a future paper 


191 we investigate gauge theories, addressing the question of how 


to formulate a fully covariant multisymplectic for them. Note that the Lepage-Dedecker 
theory expounded here does not answer this question completely, because a connection 
cannot be seen as a submanifold. We will show there that it is possible to adapt this 
theory and that a convenient covariant framework consists in looking at gauge fields 
as equivariant submanifolds over the principal bundle of the theory, i.e. satisfying some 
suitable zeroth and first order differential constraints. 


1.2 Notations 


The Kronecker symbol 6^ is equal to 1 if /i = i/ and equal 
set 






to 0 otherwise. We shall also 





In most examples, is a constant metric tensor on M"" (which may be Euclidean or 
Minkowskian). The metric on his dual space his Also, u will often denote a volume 
form on some space-time: in local coordinates uj = dx^ A ■ ■ ■ A dx^ and we will use several 
times the notation := J a;, := A ^ J a;, etc. Partial derivatives and 

Tj—-— will be sometime abbreviated by da and respectively. 

OVn-i ■ ■ -cy/vi ' 


When an index or a symbol is omitted in the middle of a sequence of indices or symbols, 
we denote this omission byT For example := dx°‘^ A ■ ■ ■ A dx"#' A 

■ ■ ■ A dx""- := dx“i A ■ ■ ■ A dx°‘>^-^ A dx"^+i A ■ ■ ■ A dx"". 


If A/” is a manifold and FAf a fiber bundle over Af, we denote by T{Af,FAf) the set 
of smooth sections of FAf. Lastly we use the notations concerning the exterior alge¬ 
bra of mnltivectors and differential forms, following W.M. Tulczyjew If A/” is a 

differential A^-dimensional manifold and 0 < k < N, AATAA is the bundle over Af of 














fc-multivectors (fc-vectors in short) and A^T*J\f is the bundle of differential forms of de¬ 
gree k (fc-forms in short). Setting ATAf := ©^qA^TA/” and AT*A/” := 
there exists a unique duality evaluation map between ATAf and AT*Af such that for 
every decomposable fc-vector held X, i.e. of the form X = Xi A ■■■ A Xk, and for ev¬ 
ery Z-form fi, then {X,fi) = fi{Xi, ■ ■ ■, Xk) if k = I and = 0 otherwise. Then in¬ 
terior products J and L are operations dehned as follows. If A; < I, the product 
J : r(A/', A^TA/”) X T{Af,A^T*Af) —^ T{Af,A^-^T*Af) is given by 

{Y, X J /i) = (X A F, /i), V(Z - A;)-vector Y. 

And if k >1, the product L : T{Af,A’^TAf) x T(A/*, A^T*A/’) —> r(A/’, A^'^TA/") is given 
by 

{X L p, z/) = (X, /i A z/), V(fc — Z)-form z/. 


2 Hamiltonian formulation of the calculus of varia¬ 
tions 


We recall here how most of the second order variational problems can be restated as 
generalized Hamilton equations. Details and computations in coordinates can be found 
in |^|, 1^] concerning the hrst Section and |p3|| . 


181 for the following. 


2.1 Classical one-dimensional theory 

2.1.1 The Legendre transform 


Let y be some manifold (the conhguration space for a material point), Ty its tangent 
bundle and L : Ty —> M some sufficiently smooth time-independant Lagrangian density. 
It leads to the following action, dehned on a set of paths 7 : / —y (where / is some 
interval of M) by 

>^^( 7 ) ;= J^L{A{t),'y{t))dt. 

Let T*y be the cotangent bundle of y. Assuming that the Legendre condition is true, 
i.e. the mapping 

(j): Ty —. T*y 

{y,v) ^ {y,^{y,v)) 

is a diheomorphism, we can dehne the Hamiltonian function 


H{q,p) = {p,V{q,p)) - L{q,V{q,p)), 


(4) 


where {y,p) 1 —>■ {y,V{y,p)) is the inverse map of <p. Then the Euler-Lagrange equation 
of motion ^ (|^( 7 (A), 7 (t))) = ^( 7 (A), 7 (t)) is transformed into the Hamilton equations 
system 


do*, , OH , , . , ,, dpi, . dH 

!<*) = i-W = - 1 ^ 

through the substitution {q(t),p{t)) := (j){'y{t),'y{t)). 


iq{t),p{t)) 


(5) 


















2.1.2 Poincare-Cartan form and symplectic form 

Hamilton equations (j^) can be rewritten in a more geometrical way using the symplectic 
form on T*y. For that purpose we dehne the Poincare-Cartan form 9 on T*y to be the 
1 -form 

n 

0 := '^Pidq\ 

i=l 

where {q^,Pi) must be thought here as the standard coordinates functions. Then the 
canonical symplectic 2-form on T*y is just := d6. We let the Hamiltonian vector 
held associated to H to be the unique vector held such that = —dH{V), 

'iV G T(^q^p){T*y). An equivalent statement is to write = —dH. Then Equation 

(|) is just equivalent to -^{q,p) = ^niq^p), he. t \ — {qit),p{t)) parametrizes an integral 
curve of 

2.1.3 Time dependant Legendre transform 

In case where L is not time independant, we have to consider a time dependant Legendre 
mapping 

4),, ry ^ T*y 

{y,v) I—^ {y,^{t,y,v)) . 

Assuming that for all t, 4)t is still invertible and denoting (y, p) \ —(?/, V{t, y, p)) its inverse 
map, we can dehne a time dependant Hamiltonian function on / x T*y: H{t,q,p) : = 
{p,V{t,q,p)) - L{t,q,V{t,q,p)). Then, by the substitution (g(t),p(t)) := 0 t( 7 (t), 7 (t)), 
the Euler-Lagrange equation for 7 is equivalent to the Hamilton system of equations 

( 6 ) 

If however we take care of relativistic principles, we may treat time and space variables 
on the same footing by the following construction. We consider y := I x y. To each path 
t I—>■ jit) with values in y it corresponds a path t 1 —> (t, 7 (t)) with values in 3^, which 
can be lift to a path t 1 —^ (t, 7 (f), with values in Ty. Similarly we could try 

to lift a solution m : t 1 —^ {q{t),p{t)) of (^) into a Hamiltonian curve m in T*y. This 
is not straightforward because, since = ^ = 1, the analogue of the Legendre mapping 
0 (t, y, v) = (f, y, §^{t, y, v), ^{t, y, v)) is not dehned. 

By constrast its inverse T*y —>• Ty still makes sense, i.e. the map 'ip{t,y,po,Pi) = 
(t,y,l,V(t,y,pi)), where V(t,y,pi) is dehned above. So we can dehne a Hamiltonian 
function H : T*y —> R in a natural way by TC(t,y,po,Pi) := po + ~ 

L{t,y,l,V{t,y,Pi)). We obtain 


'H{q^,q\po,Pi) =Po + H{q^,q\pi), 




where H is the same function as the one dehned above. 


Let us come back to the problem of lifting m : t i—>■ {q{t),p{t)). A hrst step is to set 
m{t) = {q^it),q^{t),po{t),pi{t)) := (f, 7 (f), e(t), |^(t, 7 (t), 7 (f))), where e(f) is an arbitrary 
function, i.e.we do not attribute a physical meaning to po- Anyway this is enough to 
describe the dynamical equations. Indeed we remark that 7 is a solution of the Euler- 
Lagrange equation if and only if ^ ^ = C ^md ^ for i 7 ^ 0, where 

f)l-l BT-/ 

= -^{q^,Q\po,Pi) (a), ^oiq°,q\po,Pi) = —^{q°,q\po,Pi) (b) (7) 

and, for i ^ 0, 

C{q^,q\po,Pi) = ^{q°,q\po,Pi), ^i{q°,q\po,Pi) = -^{q°,q\po,Pi)- ( 8 ) 

Let us check that: equation (a) in (|^) gives ^ = 1, which implies q^{t) = t, up to an 
additive constant. Equations in (||) then give respectively = ^{t,q{t),p{t)) and 

^(t) = —|p(t, q{t),p{t)), which are equivalent to the Euler-Lagrange equation. This was 
more or less the approach which was used in 


We still have the freedom to require further pq to be a solution of ^ be. 

It then implies that po{t) + H{t,q{t),p{t)) is a conserved quantity. So poit) = Eq — 
H{t, q{t),p{t)), where Eq is some constant. This is why one may see the energy as canon¬ 
ically conjugate to the time. Note that here what is time and what is energy depend on 
the split of y into space and time. This second point of view is more satisfactory because 
it enforces the relativistic invariance properties. 


2.1.4 Including the time in a geometric picture 

Again if L is time dependant a geometrical formulation is possible, by using the PoincarA 
Cartan form 6 := podq^ + Yl'i=iPidq'' and the symplectic form 12 := dO on T*(/ x 3^). The 
Hamiltonian vector held dehned by and (H) is characterised by 

J Q = -dU. (9) 

A solution of the variational problem can thus be pictured geometrically as a Hamiltonian 
curve T embedded in T*y such that (i) dg- does not vanish and (ii) for any m G T, 

is tangent to T at m. Q 

^Recall that other curves do actually project down to the same solution since, as we have seen in 
preceeding paragraph, we can choose po(t) to be any arbitrary function e(t) instead of being equal to 
Eq - H{t,qlt),p{t)). 







2.2 Variational problems with several variables 

2.2.1 Lagrangian formulation 

We now generalize the above theory to variational problems with several variables and for 
Lagrangian depending on hrst partial derivatives. The category of Lagrangian variational 
problems we start with is quite general and is described as follows. 

We consider n,k E W and a smooth manifold A/” of dimension n + k] N' will be equipped 
with a closed nowhere vanishing “space-time volume” n-form uj. We define 

• the Grassmannian bundle Gr^M, it is the fiber bundle over M whose fiber over 
g G A/” is Gr^Af, the set of all oriented n-dimensional vector subspaces of TgAf. 

• the subbundle Gr‘^J\f := {(g, T) G Gr'^J\f/ujq\T > 0}. 

• the set it is the set of all oriented n-dimensional submanifolds G C Af, such 
that Vg G G, TgG G GvgAf (i.e.the restriction of a; on G is positive everywhere). 

Lastly we consider any Lagrangian density L, i.e. a smooth function L : Gr^Af i—»• M. 
Then the Lagrangian of any G G is the integral 

C[G]-.= [ L{q,TgG)u; (10) 

Jg 

(we also denote, for all K C A/”, Ck[G] := L {q,TgG) uj). We are interested in 

submanifolds G E which are critical points of C (by that we mean that, for any com¬ 
pact K C A/”, GniL is a critical point of Ck with respect to variations with support in K). 

It will be useful to represent Gr'^Af differentely, by means of n-vectors. For any g G Af, 
we define D)^Af to be the set of decomposable n-vectorsQ, i.e. elements 2; G A'^TgAf such 
that there exists n vectors zi,...,Zn E TgAf satisfying z = Zi A ■ ■ ■ A Zn- Then D^'Af is the 
fiber bundle whose fiber at each q E Af is D'^Af. Moreover the map 

D'^Af —^ Gr'^Af 

A • ■ ■ A Zn I ^ T(yZ\.^ ' ' ' 1 ^n)i 

where T{zi, - ■ ■, Zyf) is the vector space spanned and oriented by ( 2 : 1 , • • •, Zn), induces a 
diffeomorphism between (Zl"A/’\ {0}) and Gr^A/”. If we set also D^Af := {(q, z) E 
D'^Af/ujg{z) = 1}, the same map us also to identify Gr‘^Af with D‘^Af. 

This framework includes a large variety of situations as illustrated below. 


^another notation for this set would be DA'^TgAf, for it reminds that it is a subset of A^TgAf, but we 
have choosen to lighten the notation. 



Example 1 — Classical point mechanics — The motion of a point moving in a manifold 
y can he represented by its graph G G Af := M.X y. If ti : Af —>• M is the canonical 
projection and t is the time coordinate on M, then lo := 'n*dt. 

Example 2 — Maps between manifolds — We consider maps u : X —>• y, where X and 
y are manifolds of dimension n and k respectively and X is eguipped with some nonvan¬ 
ishing volume form uj. A first order Lagrangian density can represented as a function I : 
Ty®xxyT*X I—> R, whereTy®xxyT*X := {{x,y,v)/{x,y) e X xy,v e Tyy^TfX}. 
(We use here a notation which exploits the canonical identification ofTyy^TfX with the 
set of linear mappings from T^X to Tyy). The action of a map u is 

I[u] ■.= / l{x,u{x),du{x))uj. 

J X 

In local coordinates x^ such that uj = dx^ A ■ ■ ■ A dx'^, critical points of i satisfy the Euler- 
Lagrange eguation ^ = -§^i{x^u{x),du{x)), Vz = 1, • • • ,fc. 

Then we set Af := X xy and denoting by n : Af —>■ X the canonical projection, we use the 
volume form uj ~ Muj. Any map u can he represented by its graph Gu ■= {{x,u{x))/x G 
X} G 0“^, (and conversely if G E then the condition uj\g > 0 forces G to be the graph 
of some map). For all {x,y) E Af we also have a diffeomorphism 

T,y<i,T;x 

V I—> T(v), 

whereTiy) is the graph of the linear map v : T^X —>• Tyy. Then if we set L{x,y,T{v)) : = 
l{x,y,v), the action defined by m coincides with i. 

Example 3 — Sections of a fiber bundle — This is a particular case of our setting, where 
Af is the total space of a fiber bundle with base manifold X. The set is then just the 
set of smooth sections. 

Example 4 — Gauge theories — Since a connection is not a section of a bundle, a 
variational problem on connections such as the Yang-Mills eguations cannot be described 
as a problem on embeddings of submanifolds directly. If we want to reduce ourself to 
such a situation two methods are possible: either we work on a local trivialisation of 
the bundle over X, a situation achieved by choosing a flat connexion and working in 
the coordinates provided by sections parallel for then any other connection V can be 
identified with A := V —a 1-form on X with coefficients in a Lie algebra, i.e. a section 
of a bundle (see Section 2.4 below). Or we consider an eguivariant lift of the connexion on 
the corresponding principal bundle. In this case the connexion can be represented globally 
and in a covariant way by a 1-form with coefficients in the Lie algebra on the principal 
bundle satisfying some eguivariance constraints. We shall compare both points of view in 

2.2.2 The Legendre correspondence 

Now we consider the manifold AYT*Af and the projection mapping If : AXT*Af — Af. 
We shall denote by p an n-form in the hber AOTfAf. There is a canonical n-form 9 called 


the Poincare-Cartan form defined on A^T*Af as follows: V(g, p) G VXi, • • •, e 

r„,rt (A"TW), 

e(„)(A:i,■..,x„) := p(n'Xi,■ • ■, n-x„) = {n*x, a • • ■ a n-n,p>, 

where := dn(g^p)(X^). If we use local coordinates {<l'^)i<a<n+k then a basis 

of A^T*Af is the family A ■ ■ ■ A and we denote by Pai -a^ the 

coordinates on A.^T*M in this basis. Then 9 writes 

9 ■■= ^ ■ ■ ■ A (11) 

l<OLi<-"<OLn<n-\-k 

Its differential is the multisymplectic form Q := d9 and will play the role of generalized 
symplectic form. 

In order to build the analogue of the Legendre transform we consider the hber bundle 
Gr'^M Xj\f A'^T*Af := {{q,z,p)/q E Af.z & Gr^Af ~ D‘^Af,p G A'^T^Af} and we denote 
by If : Gr‘^Af A'^T*Af —Af the canonical projection: 

Gr^Af xj^A^T*Af —^ A^T*Af D M 

i n\ in /n 

Gr^Af D Gr‘^Af ~ D‘^Af —> Af 

We dehne on Gr‘^Af Xj^ A'^T*Af the function 

W{q,z,p) := {z,p) - L{q,z). 

Note that for each {q,z,p) there a vertical subspace V(q^z,p) C T(^q^z,p){Gr‘^Af Xj^ A'^T*Af), 
which is canonically dehned as the kernel of 

df[^q,z,p) : T^,,z,p) {Gr^Af Xj^A^T*Af) TqAf. 

Moreover it makes sense to split V(^q^z,p) — {0} x TzD^Af x TpA^T*Af ~ TzD'^Af © 
TpA^T*Af. Hence, for any function F dehned on Gr'^Af Xj^ A'^T*Af, we can dehne the 
restrictions of the diherential dF(^q^z,p) on both factors, i.e. TzD‘^Af and TpA^T^Af, which 
will be denoted respectively by dF/dz{q, z,p) and dF/dp{q, z,p). [However in order 
to make sense of ‘^dF/dq{q, z,p)” we would need to dehne a “horizontal” subspace of 
T{q,z,p) {Gr‘^Af Xj^A"'T*Af), which could be obtained for instance by using a connection 
on tile bundle Gr‘^Af x_/y A'^T*Af —>■ Af ] 

Instead of a Legendre transform we shall rather use a Legendre correspondence: we write 

dW 

{q,z)i —^ (g,p) if and only if -^(g, 2 ;,p) = 0. (12) 


Let us try to picture geometrically the situation (see hgure |2.2.2| ): D'^Af is a smooth 







Figure 2: T^D^M is a vector subspace of K^TqM 


submanifold of dimension nk of the vector space A^TgAf, which is of dimension ; 

TzDqM is thus a vector subspace of A^TqAf. And ^{q,z) or ^{q,z,p) can be under¬ 
stood as linear forms on T^D^M whereas p G K^T*M as a linear form on K^TgM. 


The meaning of the right hand side of ( p!2[) is thus that the restriction of p at T^D'^Af 
coincides with ^{q,z,p): 

dL 

= -^{q,z). (13) 

Given (g, z) G Gr^^Af we dehne the enlarged pseudofiber to be: 

, dW 

Pq{z) := {p G A-T;Af/^{q,z,p) = 0}. 

In other words, p G Pg{z) if it is a solution of (|T^). Obviously Pq{z) is not empty; moreover 
given some po G Pq{z), 

Pi e P,{z), ^ Pi - p„ e {T.rgUp := {p e e = o}. ( 14 ) 


So Pq{z) is an affine subspace of A'^T*Af of dimension — nk. Note that in case where 
n = 1 (the classical mechanics of point) then dimPg(z) = 1: this is due to the fact that we 
are still free to £x arbitrarily the momentum component dual to the time (i.e. the energy). 


We now dehne 

Pq:= IJ Pqiz)cA^T;Af, yqeAf 

z&D‘^N 

and we denote by P := Uq^zj^Vq the associated bundle over Af . We also let, for all 

(g,p) € A’*TW, 


Z,(p) := {z e Gr"A/'/p 6 P,(z)}. 















It is clear that Zq{p) ^ 0 p G Vq.... Now in order to go further we need to choose 
some submanifold Afg C Pg, its dimension is not hxed a priori. 


Legendre Correspondence Hypothesis — We assume that there exists a subbundle 
manifold M. (ZV C. A”T*A/' over M of dimension M := dimAl such that, 

• for all q E J\f the fiber Mq is a smooth submanifold, possibly with boundary, of 
dimension 1<M — n + k< 

• for any {q,p) G Ai, Zq{p) is a non empty smooth connected submanifold of Gr‘^J\f 

• if zq E Zq{p), then we have Zq{p) = {z E DfAf/\/p E TpMq, {z — zo,p) = 0}. 

Remark — In the case where M = + n + k, then Aiq is an open subset of JWTfN' 

and so TpM.q ~ hATfM. Hence the last assumption of the Legendre Correspondence 
Hypothesis means that Zq{p) is reduced to a point. In general this condition will imply 
that the inverse correspondence can be rebuild by using the Hamiltonian function (see 
Lemma |2.2| below). 


Lemma 2.1 Assume that the Legendre correspondence hypothesis is true. Then for all 
{q,p) E AA, the restriction ofW to {z} x Zq{p) x {p} is constant. 


Proof — Since Zq{p) is smooth and connected, it suffices to prove that W is constant along 
any smooth path inside {(g, z,p)/q,p hxed ,z G Zq{p)}. Let s \—*• z{s) be a smooth path 
with values into Zq{p), then 

' dz' 


d dW 

-jW{q,z{s),p)) = ^{q,z{s),p) 


ds 


= 0 , 


because of (|T^). 


A straightforward consequence of Lemma p.l| is that we can dehne the Hamiltonian 
function H : A4 —M by 


H{q,p) := W{q, z,p), where z E Zq{p). 

In the following, for all (g, p) E M and for all z G D^JV we denote by 

^ITpM^ ■ TpMq —> M 
p I—^ {z,p) 

the linear map induced by 2 ; on TpMq. Then: 

Lemma 2.2 Assume that the Legendre Correspondence Hypothesis is true. Then 
(i) W{q,p) E M and Wz E Zq{p), 

^{q,P) = Z\TpM,- (15) 

As a corollary of the above formula, z\TpMq does not depend on the choice of z E Zq{p). 
(a) Conversely if {q,p) E M and z E D'^Af satisfy condition then z E Zq{p) or 

equivalentely p G Pq{z). 







Remark — The advised Reader may expect to have also the relation “^( 5 ', p) = ^)” • 

But as remarked above the meaning of ^ and ^ is not clearly dehned, because we did 
not introduce a connection on the bundle Gr'^M . This does not matter and 

we shall make the economy of this relation later ! 

Proof — Let {q,p) G M. and (0,p) G where p G TpfAg. In order to com¬ 

pute dH(q^p){0,p), we consider a smooth path s 1 —>• {q,p{s)) with values into fAq whose 
derivative at s = 0 coincides with (0,p). We can further lift this path into another one 
s I—>■ (g, 2 :(s),p(s)) with values into Gr‘^J\fxj^A^T*J\f, in such a way that 2 :(s) G Zq{p{s)), 
Vs. Then using ([T3| ) we obtain 

^ (^(?,p(s)))p=o = ^i{z{s),p{s)) - L{q,p{s)))^^^f^ 

d L 

= {z,p) + {z,p) --^{q,z){z) = {z,p), 
from which (0) follows. This proves (i). 

The proof of (ii) uses the Legendre Correspondence Hypothesis: consider z, Zq G D^Af 
and assume that zo G Zq{p) and that 2 : satishes (p!5[). Then by applying the conclusion 
(i) of the Lemma to zq we deduce that &H/dp{q,p) = ZQ\Tj,Mq and thus (z — zo)jTpMq = 0. 
Hence by the Legendre Correspondence Hypothesis we deduce that z E Zq{p). ■ 

A further property is that, given {q,z) G D‘^Af, it is possible to hnd a p G Pq{z) and to 
choose the value of 'H{q,p) simultaneously. This property will be useful in the following 
in order to simplify the Hamilton equations. For that purpose we dehne, for all h G M, 
the pseudofiber. 

P^iz) ■= {P e Pq{z)/n{q,p) = h}. 

We then have: 

Lemma 2.3 For all {q,z) G Gr‘^J\f the pseudo fiber P^i^z) is a affine subspace of A^TfAf 
parallel to (T^DgA/’)'*'. Hence dim Pq{z) = dim Pq{z) — 1 = — nk — 1. 

Proof — We hrst remark that, Wq E Af and Wz E D‘^Af, oJq belongs to {fPzDfAf)^, because 
of the dehnition of DfAf. So VA G M, Vp G Pq{z), we deduce from (p^ that p+Xujq E Pq{z) 
and thus 

n{q,p + Xujq) = {z,p +Xuq) - L{q,z) 

= 'Hiq, P) + Hz, ujq) = n{q, p) A. 

Hence we deduce that V/i G M, Vp G Pg(z), 3!A G M such that 

'H{q,p + Xuq) = h, 

so that Pq{z) is non empty. Moreover if po G Pq{z) then pi G Pq{z) if and only if pi—po G 
ifPzDfAf)^ Hz-'-. In order to conclude observe that (TzB^Af)'^ A z-^ = {fT^D^Af)^. ■ 




2.2.3 Critical points 


We now look at critical points of the Lagrangian functional using the above framework. 
Instead of the usual approach using jet bundles and contact structure, we shall derive 
Hamilton equations directly, without writing the Euler-Lagrange equation. 


First we extend the form a; on Af by setting lo ~ n*a;, where H ; M. — > M is the bundle 
projection, and we define to be the set of oriented n-dimensional submanifolds E of 
Al, such that (Ujr > 0 everywhere. A consequence of this inequality is that the restriction 
of the projection H to any E G is an embedding into M\ we denote by n(E) its image. 
It is clear that n(E) G . Then we can view E as (the graph of) a section q \ —^ p(g) of 
the pull-back of the bundle M. —> M by the inclusion n(E) C M . 

Second, we define the subclass C as the set of E G such that, y{q,p) G E, 
p G Pg(Tqn(E)) (a contact condition).... [As we will see later it can be viewed as the 
subset of E G which satisfy half of the Hamilton equations.] And given some G G 
we denote by pG C the family of submanifolds E G pQ‘^ such that n(E) = G and we 
say that pG is the set of Legendre lifts of G. We hence have pQ^ = Ugg^^PG. 


Lastly, we dehne the functional on 


I[T] ■= j 


Properties of the restriction of X to pQ"^ 

First we claim that 

J[E] = £[G], VGg^",VEgpG. (16) 

This follows from 


e-Hu = J {zG,p{q))u;-n{q,p{q))u: 

= / {{zG,p{q)) - {zG,p{q)) + L{q,ZG))uj = / L{q,ZG)uJ, 


'G 


'G 


where G —A1 : q i—>■ {q,p{q)) is the parametrization of E and where zg is the unique 
n-vector in D^M (for q & G) which spans TgG. 

Second let ns exploit relation (PIB] ) to compute the first variation of X at any submanifold 
E G pG, i.e.a Legendre lift of G G We let f G E(A/’, TA/”) be a smooth vector held 
with compact support and Gg, for s G M, be the image of G by the how diheomorphism 
gs? Pqj, values of s, Gg is still in and for all qg := e'^^(g) G Gg we shall denote 

by Zg the unique n-vector in D^^Af which spans Tqfig. Then we choose a smooth section 
(s, gs) I—>• p{q)s in such a way that p{q)s G Pq^Zg). This builds a family of Legendre 
lifts Eg = {{qg,p{q)g)}- We can now use relation (|T^): T\Lg\ = P[Gs] and derivate it with 


respect to s. Denoting by ^ G T(^q^p(^q))A4 the vector d{qs,p{q)s)/ds\s=oi we obtain 

iJir](0 = ^i|r.]|,.o = ^^|G.]|..o = «£1G](0. (17) 

Variations of X along TpAdq 

On the other hand for all F G and for all vertical tangent vector held along F (, i.e. such 
that dn(g^p)((^) = 0 or such that ( G Tpjtdg C T(qp)At, we have 


■VlrKC) = Fsn(r),C) - ^(l,p)(C)] 


(18) 


where 2:n(r) is the unique n-vector in DqM (for q 
that in the special case where F G we have ^n(r) 


G(F)) which spans Tgn(F). Note 
G Zq{p), so we deduce from 


and (^) that (5X[F]((C) = 0. And the converse is true. So pQ‘^ can be characterized by 
requiring that condition (|T^ is true for all vertical vector helds (. 


Conclnsion 

The key point is now that any vector held along F can be written ^ + C) where ^ and ( 
are as above. And for any G & Q‘^ and for all F G pG, the hrst variation of X at F with 
respect to a vector held ^ + C) where locally ^ lifts ^ G TqM and G TpAiq, satishes 

iiir](f+o = '5i:iG](0- (19) 

We deduce the following. 

Theorem 2.1 (i) For any G & and for all Legendre lift F G pG, G is a critical point 
of C if and only ifT is a critical point of 2. 

(a) Moreover for all F G , if T is a critical point of X then V is a Legendre lift, 
i.e.T G pFI(F) and n(F) is a critical point of C. 

Proof — (i) is a straightforward consequence of (|T^). Let us prove (ii); if F G is 
a critical point of X, then in particular for all vertical tangent vector held ( G TpAiq, 
5X[F](C) = 0 and by (|g) this implies izu{r))\T;M, = {dH/dp){q,p). Then by applying 
Lemma ^^(ii) we deduce that 2:n(r) ^ Zq{p). Hence F is a Legendre lift. Lastly we use 
the conclusion of the part (i) of the Theorem to conclude that G(F) is a critical point of 
X. ■ 


Corollary 2.1 Let T ^ he a critical point of X and let a smooth section tt : F — > 
IMT*M satisfy: 'i{q,p) G F, 7T{q,p) ~ 7r(g) G (TzDfXf)'^ (where z G Zq{p)). Then 
T := {{q,p + 'n'iq))/{q,p) G F} zs another critical point ofX. 

Proof — By using Theorem |2.1| -(ii) we deduce that F has the form F = {{q-,p)/q G 
n(F),p G Pq{zu{r))} and thus F = {(g,p + vr(g))/g G n(F),p G Pq{zu{r))}- This implies, 

by using (pAl), that F G pn(F); then F is also a critical point of X because of Theorem 

&(>)■ ■ 




Note that, for any constant h G M, by choosing n(g) = {h — H{q,p)) ujq (see the proof 
of Lemma |2.3|) in the above Corollary we deform any critical point L of X L G into a 
critical point L of X contained in := {m G A4/7i{m) = h}. 

Definition 2.1 An Hamiltonian n-curve is a critical point T of 2 such that there exists 
a constant h G M such that T C AA^.... 


2.2.4 Hamilton eqnations 


We now end this section by looking at the equation satished by critical points of X. Let 
r G and f G V{Ai,TAi) be a smooth vector held with compact support. (Here X is 
an n-dimensional manifold diffeomorphic to L.) We let be the how mapping of f and 
be the image of L by We denote by 

a: (0,l)xA’ 

{s,x) 

a map such that if y* : x i—*• (j(s,x), then 7 = 70 is a parametrization of L, 7 ^ is a 
parametrization of L^ and ^ (cr(s, x)) = f (cr(s,x)). Then 



x[r,]-x[r] = ^i{e-nu)-^\e-nu) 


Thus 


S 


/ a\e-nu) = 

'd({0,s)xX) J 

[ a*{n-dnAuj)). 


(0,s)xV 


d{a*{9-nu;)) 


'{0,s)xX 


lim - 

s 

d 


'{0,s)xX 


a*{il — dTi A a;) 


— J cT*(f2 — ddi Auj) = / 7 *(^ J (12 — ddi A a;)) 
os 


lx 


^ J (12-dH Aw). 


We hence conclude that T is a critical point of X if and only if Vm G T, G T^M., 
vx G A"T^r, 


e j(12-dHAw)(X) = 0 ^ X j (12-dlf Aw)(0 = 0. 

We thus deduce the following. 

Theorem 2.2 A submanifold T E is a critical point of I if and only if 

Vm G T, VX G X J (12 - dlf A w) = 0. (20) 

Moreover, if there exists some h G M such that T C (i.e. T is a Hamiltonian n-curve) 
then 


Vm G T, 3!X G A”T^r, X j 12 = {-l)^dn. 


(21) 



Recall that, because of Lemma and Corollary p.l|, it is always possible to deform a 
Hamiltonian n-curve L i—> L in such a way that Ti be constant on L and n(r) = n(r). 
Proof — We just need to check (pi)). Let L C Since dH\r = 0, VX e A^T^L, 

X J dH A uj = {—l)^{X,uj)dT-C. So by choosing the unique X such that {X,uj) = 1, we 
obtain X j dH Auj = {—lYdH. Then (pOD is equivalent to ■ 


2.3 Some examples 

We pause to study on some simple examples how the Legendre correspondence and the 
Hamilton work. In particular in the construction of Xi we let a large freedom in the 
dimension of the hbers M-q, having just the constraint that dimAlg < dimPg = . 

This leads to a large choice of approaches between two opposite ones: the hrst one consists 
in using as less variables as possible, i.e. to choose M. to be of minimal dimension (for 
example the de Bonder-Weyl theory), the other one consists in using the largest number 
of variables, i.e. to choose M. to be equal to the interior of V (the advantage will be that 
in some circumstances we avoid degenerate situations). 


We focus here on special cases of Example 2 of the previous Section: we consider maps 
u : X — > y. We denote by = x^, ii I < fi < n, coordinates on X and by = y*, 

if 1 < < A:, coordinates on y. Recall that 'ix E X, \/y E A, the set of linear maps v 

from TfX to can be identihed with Tyy ®Tf.X. And coordinates representing some 
V E Tyy ® TfX are denoted by in such a way that v = ® Then 

through the diffeomorphism Tyy^TfX 3 v i—>■ T{v) E Gr‘^^ (where J\f = X xy) we 
obtain coordinates on GrfM ~ D^Af. We also denote by e := pi...n, pf ■= 

Pili2 ■ —l)n(Ml+l)'"(A‘2 —l)*2(At2+l)---rn CtC, SO that 

n 

Q = deAuj + J2 


where, for 1 < p < n, 

OJ 


dx^ A ■ ■ ■ A dx'^ 

dyP A ■ ■ ■ A dy^ A A ■ ■ ■ A ^ J w) . 


Remark — It can be checked (see for instance |^) that, by denoting by p* all coordinates 
j — 1) the Hamiltonian function has always the form H{q, e,p*) = e + H{q,p*). 


2.3.1 The de Donder—Weyl formalism 

In the special case of the de Donder-Weyl theory, is the submanifold of A^TfAf 

dehned by the constraints Pi^.fd = 0, for all j > 2 (Observe that these constraints are 
invariant by a change of coordinates, so that they have an intrinsic meaning.) We thus 
have 

^dDW ^ deAuj + J2J2^Pi^^i-- 









Then the equation dW/dz{q, z,p) = 0 is equivalent to = dl/dv^^{q,v), so that the 
Legendre Correspondence Hypothesis holds if and only if {q,v) \—>■ {q,dl/dv{q,p)) is an 
invertible map. Note that then the enlarged pseudofibers Pq{z) intersect along 

lines {ea; + c?//c}n^(g, n)a;^/e G M}. So since dimA^Tg'TV’ = dimAfg'^'^ = nk + 1 and 

dimPg(z) = — nk, the Legendre Correspondence Hypothesis can be rephrased by 

saying that each Pq{z) meets transversaly along a line. Moreover Zq{euj + 

is then reduced to one point, namely T(v), where v is the solution to pf = -^{q,v). 


For more details and a description using local coordinates, see 


2.3.2 Maps from to via the Lepage—Dedecker point of view 

Let us consider a simple situation where A = A = and Ai C It corresponds 

to variational problems on maps u : —> M^. For any point {x,y) G M^, we denote by 
(e,p^,r) the coordinates on A^T(a.^y)R^, such that 

6 = e dx^ A dx'^ + p]dy'^ A dx'^ + pfdx^ A dy’' + r dy^ A dy"^. 


An explicit parametrization of {z G 
through 


^/oj{z) > 0} is given by the coordinates (t, n* 


z = 


d 


A 


d 


dx^ dx^ 




d 


^dy^ ^ dx 


^ P{v\vl-vlvl) ^ 


A 


d 


dy^ dy 


where = 1 and = 0. (Note that 2 ; G if and only if t = 1.) So 

elements 5z G are parametrized by coordinates dt and through the relation 


6z = 6t { 2t 


d 


A 


d 


dx^ dx'^ 


+ e 


d 




A 


dx’' 


+ Svl te 




d 


A 


d 


dy^ dx 




d 


A 


d 


dy^ dy 


In the following we assume that z G which means that we specialize the above 

relations by letting t = 1 (similarly if we were assuming that dz G T^Dg R^, then we would 
have to set = 0). 


For any 2-form p = edx^ A dx"^ + e^^Pidy^ A dx’' + rdy^ A G A^T(^^^R^ and for all 
dz G TjDgR^, we have 

{dz,p) = dt (2e + n;pf) + dP^ (pf + e^’Aijvir) . 

Hence [PzDq R^)"*" is the line spanned by 

{y\v\ — ^ 1 ^ 2 ) dx^ A dx^ — etjvidy’ A dx’' + dy^ A dy^. 

And (TjDg R'^) is the plane spanned by the above 2-form and dx^ A dx"^. Recall that 
the sets Pq{z) and Pq{z) are affine subspace respectively parallel to (T^DgR^)"*" and 



















We immediately see that they form a family of non parallel affine snbspaces 
so we expect that on the one hand these snbspaces will intersect, causing obstructions 
there for the invertibility of the Legendre mapping, and on the other hand they will £11 
“almost” all of A^T^* giving rise to the phenomenon that the Legendre correspon¬ 
dence is “generically everywhere” well defined. 


Example 5 — The trivial variational problem — We just take I = 0, so that any map 
map from to is a critical point of i ! This example is motivated by gauge theories 
where the gauge invariance gives rise to constraints. Here the situation is extreme in the 
sense that the set of symmetries is maximal. Then 

W{q,z,p) = W{z,p) = e + p\v\+plvl+p\vl+plvl + r{v\vl-vlvl). 


Then the equation dW{z,p)/dz = 0 leads to the relations 

j p\ + rv2 = 0, pI — rvl = 0 

\ pi — rvf = 0 , pI + rvl = 0 . 


[So that 'iz, Pq{z) = (TzD'^M^)'^.] The geometrical interpretation is that the set of all 
Pq{z) ’s fills Vq := {{e,pf, r) G JSfT^'Ef/r ^ 0} U {(e, 0, 0)/e G M}. In particular they meet 
along the line {(e, 0,0)/e G M}. 

• If we decide to work with the constraint r = 0 (it corresponds to the de Donder-Weyl 

choice of multisymplectic theory), then we are obliged to assume the extra constraints 
pf = 0. Thus we are led to Aiq = {(e, 0,0) G then the Legendre Correspon¬ 

dence holds and in particular Zq{e, 0, 0) = D‘^Af and H = e. But then Ad = R^ with the 
variables x^,y'^ and e and with Q = de A dx^ A dx'^ which is not a multisymplectic form 
because it is degenerate (see Definition \3.I\) . 

• However, if we just assume that r ^ 0, then we can choose Mg = {(e,p[,r) G 
A^TgR^/r 7 ^ 0}. Then we compute Ti on M: 


n{q,p) 


p\pI - pIpI 

r 


One can then check that all Hamiltonian 2-curves are of the form 


r = {(x, u{x), e{x)dx^ A dx‘^ + e^,yp[{x)dy'^ A dx'^ + r{x)dy^ A jx G R^} , 

where u : R^ —> R^ is an arbitrary smooth function, r : R^ —> R* is also an arbitrary 
smooth function and 


e{x) = r(x) 
for some constant h G R, and 


fdu^ du^ , . 

du^ 






du^ 




1 














Figure 3: (i.e. Vq nH ^{h)) is the subset of A‘^T*Af which is the reunion of the pseudo- 

hbers Pq{z) 


Example 6 — The elliptic Dirichlet integral — The Lagrangian is l{x,y,v) = 
where |up := + (^ 2 )^ + + {V 2 Y■ Then one can compute that dW{z,p)/dz = 0 i/ 

and only if v’'^ = (pf + e^ye''^p'fr) / (1 — r^). Thus Vq := {(e,pf,r) G A^TfM.^/r ^ ±1} U 
{(e,p^,l) e A^Tfm.^/p\-pl =pI+pI = 0}U{(e,p^,-1) G A^T^EVp^+p^ = pl-pl = 0}. 

• The de Donder-Weyl theory corresponds again to the choice r = 0 and leads to an 
everywhere well defined Legendre transform. 

• We could work as well on any hyperplane defined by r = r^, for some real constant rQ. 
If ro 7 ^ ±1, it is defined everywhere, if we choose however vq = ±1, then we again find 
extra constraints. 

• Lastly we could work in an open subset Ai of V. Then the Hamiltonian function is 

n{q, p) = e + ■ 

For more details on this kind of exemple (or more generally the action of a bosonic string) 
see /|7^/. 

Example 7 — Maxwell equations in two dimensions — We take l{x, y, v) = —| {v^ — vf)‘^. 
Note that if we identify the components {vf, u^) with the components (Ai, A 2 ) of a Maxwell 

gauge potential, we recover the usual Lagrangian l{dA) = —| i/~ j 

Maxwell fields without charges. Here relation dW{z,p)/dz = Q is equivalent to 

j p\ + rvl = 0 , P 2 — rvl = — vf 

\ pI — rvf = vf — vl, pI + rv) = 0. 

Thus we have Vq = {(e,p^,r) G hfTf'Mf'/r ^ 0,-2} U {(e,p^,0) G hfTfMf^/p\ = p\ = 
P 2 +P? = 0} U {(e,p*^, -2) G A^T*W^/pI-p\ = 0}. 

• If we assume that r = 0, we find an intermediate situation, between the trivial and 
the Dirichlet Lagrangians. We are again obliged to assume the extra constraints p\ = 





pI = pI + pI = 0. This reflects the gauge invariance of the problem. Then the Legendre 
Correspondence Hypothesis is satisfied and the Zflp) ’s are three-dimensional submanifolds. 
• Alternatively working in an open subset M. of V the Hamiltonian is 


n{q,p) 


, {pI + pI? - ^p\pI 

4r 


i (p^2-pfr 

4 2 + r 


2.4 Gauge theories 

In this Section we show how to adapt the Legendre correspondence for gauge theories. 
Our approach here is the most naive one, based on a local trivialisation and we discuss 
only the example of the Yang-Mills-Higgs action on a “space-time” X. 


Let 0 be a smooth compact Lie group of dimension r with unit 1 and g be its Lie 
algebra. Let Y be a smooth n-dimensional manifold. We denote by local 

coordinates on X. Similarly we let (ui, • • • ,Ur) be a basis of g. For simplicity we treat 
only g-connections on a trivial bundle over X. Then using a reference connection on 
such a bundle, a Yang-Mills held V can be identihed with the g-valued 1-form A on X 
such that V = V° -|- 4. In local coordinates we write A = Aflx)dx^ = \iiA^^{x)dx^. We 
may couple 4 to a Higgs held (p : X —> $, where $ is a vector space on which 0 is acting. 
We denote by F := dA + A/\ A = ujF^ the curvature 2-form of A and hj Vp := dp Ap 
the covariant derivative on Higgs helds. We are given a Riemannian metric p on X. Then 
the Yang-Mills-Higgs action can be written 

yM\A,v\ = ^ + V(v)] U., (22) 

where u is the Riemannian volume form on X. The Lagrangian density here is com¬ 
puted using 0 -invariant metrics h and 5 ^ on g and <h respectively and reads : |Fp = 
where and |V<^p = 

where Vf,p^ = + {A^p)\ 

Translating in the setting expounded at the beginning of this section, any choice of a held 
(H, p) is equivalent to the data of an n-dimensional submanifold T in := (g ( 8 > T*X) x <h 
which is a section of this hber bundle over X. We will denote by (x, a, 0) a point in AI, 
where a = Uja^^dx^ eg® TfX and 0 e <h. 

Now let us look at the Legendre correspondence for the Yang-Mills-Higgs action. For 
simplicity we restrict ourself to the de Bonder-Weyl approach (note that for main purposes 
this theory is sufficient, unless we would be interested in a modihed action of the kind 
yM.r[A., p] := yM.[A, p\+T Yx AF A F). The Poincare-Cartan form reads 


QdDW ;= ecu A r -|- pfdcfL A A cu,^, 



where (e,pf, tt^^) are the coordinates on the dual hrst jet bundle of the hber bundle A4. 
The Legendre transform gives the relations 

= and Pi = v'"''9ij^ ■ 

The Hamiltonian function is 

n{x,a,(p,e,p,TT) = e- ^|7rp + (a^0)* - H(0), 

where Ivrp := rjfj^xVuah^’^nj^'ny and |pp := Pf^uQ^^PiP’j- The multisymplectic form is 

QdDW _ dQdDW ^g gg^^ gjgg -write 

QdDW _ _|_ ^0* A Pi + da^ A tt/, with pj := PiU)^, := and tt/ := --TT^'^uj^y. 

Examples of algebraic observable (n — l)-forms are pi, dx^ A tt/, (j/oOfj, and a'^ Acn^i,. As we 
will see in section 5 we can also make sense of observable 0-forms like for instance 0*, ob¬ 
servable 1-forms like and observable (n — 2)-form like tt/. Then it is not difficult to see 
that the {n — l)-form p, is canonically conjugate to the 0 -form 0 * and the {n — 2 )-form tt/ 
is canonically conjugate to the 1 -form where the meaning of “canonically conjugate” 
will be precised in Section 5.5. 


If we wish to study more general gauge theories and in particular connections on a non 
trivial bundle we need a more general and more covariant framework. Such a setting 
can consist in viewing a connection as a 0 -valued 1 -form a on a principal bundle T over 
the space-time satisfying some equivariance conditions (under some action of the group 
0). Similarly the Higgs field, a section of an associated bundle, can be viewed as an 
equivariant map 0 on JF with values in a fixed space. Thus the pair (a, 0) can be pictured 
geometrically as a section T, i.e. a submanifold of some fiber bundle M over JF, satisfying 
two kinds of constraints: 


• T is contained in a submanifold A/'g (a geometrical translation of the constraints “the 
restriction of a/ to the subspace tangent to the fiber jFj is —dg ■ g~^”) and 

• T is invariant by an action of 0 on A/” which preserves A/'g. 

Within this more abstract framework we are reduced to a situation similar to the one 
studied in the beginning of this section, but we need to understand what are the con¬ 
sequence of the two equivariance conditions. (In particular this will imply that there is 
a canonical distribution of subspaces which is tangent to all pseudofibers). This will be 
done in details in |jT^. In particular we compare this abstract point of view with the more 
naive one expounded above. 


3 Multisymplectic manifolds 


We now set up a general framework extending the situation encountered in the previous 
Section. 



3.1 Definitions 


Definition 3.1 Let M. be a differential manifold. Let n be some positive integer. A 
smooth {n + l)-form Q on Ai, is a multisymplectic form if and only if 

(i) 12 is non degenerate, i.e.\/m G Ai, Wf G TmAi, if f J 12^ = 0, then ^ = 0 

(a) 12 is closed, i.e.dVl = 0. 

Any manifold At eguipped with a multisymplectic form 12 will be called a multisymplectic 
manifold. 

In the following, N denotes the dimension of Ai. For any m G Af we dehne the set 

DlAi := {Xi A ■ ■ ■ A G K^T^Ai/X^, • • • G T^Ai}, 

of decomposable n-vectors and denote by D'^Ai the associated bundle. 

Definition 3.2 Let Li be a smooth real valued funtion defined over a multisymplectic 
manifold (At, 12). A Hamiltonian n-curve T is a n-dimensional submanifold of At such 
that for any m G F, there exists a n-vector X in X^TmL which satisfies 

X j 12 = {-l)^dn. 

We denote by the set of all such Hamiltonian n-curves.... We shall also write for all 
me At, [X]« := {X G D^Ai/X J 12 = {-lYdHm}- 

Note that a Hamiltonian n-curve is automatically oriented by the n-vector X involved 
in the Hamilton equation. Remark also that it may happen that no Hamiltonian n- 
curve exist. An example is Al := A^T*R^ with 12 = Y1ii<ii<u<a^Pvi' ^ ^ 

the case 'H{q,p) = pi 2 + Pu- Assume that a Hamiltonian 2-curve F would exist and let 
X : {tA,f^) I—>■ X{H,f^) be a parametrisation of F such that A J 12 = {—ifidTi. 

Then, denoting by X^ := we would have dx^ A dx’'{Xi, X 2 ) = which is equal 

to ±1 if {/i, n} = {1,2} or {3,4} and to 0 otherwise. But this would contradict the fact 
that Xi A X 2 is decomposable. Hence there is no Hamiltonian 2-curve in this case. 


Example 8 — The basic example is the Lepage-Dedecker multisymplectic manifold {A^T*Af, 12) 
studied in the previous section (see also the next section). Other examples are all smooth 
submanifolds of A^T*Af on which the restriction ofVt is non degenerate, like for instance 
the de Donder-Weyl manifold. 

Example 9 — Another example (see also is provided by the Palatini or the Ashtekar 
formulation of pure gravity in f-dimensional space-time. Let us describe the Riemannian 
(non Minkowskian) version of it. We consider equipped with its standard metric rju 

a V 
0 1 


and with the standard volume 4-form cukl- Lot p ~ < (a, u) ~ 


/a G so(4), V G 





~ so(4) K be the Lie algebra of the Poineare group acting on Now let X be a f- 
dimensional manifold, the “space-time”, and consider := p ® T*X, the fiber bundle 
over X of 1-forms with coefficients in p. We denote by (x,e,A) a point in A4, where 
X & X, e & ® Tf and A G so(4) 0 Tf. We shall work is the open subset of fA where 

e is rank f (so that the 4 components of e define a coframe on T^X). First using the 
canonical projection 11 : M. —> X one can define a p-valued 1-form 6'^ on A4 (similar to 
the Poincare-Cartan 1-form) by 

V(x,e, A) G A1,VX G T(,,e,A)A, - (e(n*X), A(n*X)). 

Denoting (for 1 < I, J < A) by \ p —>• R, (a,'^) '—>■ and by Rj : p —>• R, 

{a,v) I—>■ Oj, the coordinate mappings we can define a f-form on A4 by 

Opaiaum := ^6/(T^ o 9^) A o 0P) A {R% o + {R^ o 0P) A {R^ o 0P)) . 

Now consider any section of M. over X. Write it as V := {(x, Cx, Ax)/x G X} where now 
e and A are 1-forms on x (and not coordinates anymore). Then 

j (^Palatini = j A 6“^ A , 

where Fj := dAj + A^j^ A A^ is the curvature of the connection 1-form A. We recognize 
the Palatini action for pure gravity in 4 dimensions: this functional has the property that 
a critical point of it provides us with a solution of Einstein gravity eguation R^^ — \g^u = 0 
by setting g^,, := rjjjejj^ef. By following the same steps as in the proof of Theorem \2.3i one 
proves that a 4-dimensional submanifold T which is a critical point of this action, satisfies 
the Hamilton eguation N —l 0; where Llpoio^nxii • dOpo^iatini • Thus (Af, 

is a multisymplectic manifold naturally associated to gravitation. In the above construc¬ 
tion, by replacing A and F by their self-dual parts A+ and F+ (and so reducing the gauge 
group to SO{3)) one obtains the Ashtekar action. 

Remark also that a similar construction can be done for the Chern-Simon action in di¬ 
mension 3. 

Definition 3.3 A symplectomorphism 4> of a multisymplectic manifold (Al, fi) is a smooth 
diffeomorphism 0 : Al —Af such that (j)*Vt = kl. An infinitesimal symplectomorphism 
is a vector field f G r(Al,TAf) such that L^fl = 0. We denote by spoAl the set of 
infinitesimal symplectomorphisms of{Ai,Q). 

Note that, since is closed, L^fl = d{f, _i fl), so that a vector held f belongs to spoAl if 
and only if d{f^ J f2) = 0. Hence if the homology group is trivial there exists an 

(n — l)-form F on M. such that dF 4-,^ J H = 0: such an F is then an algebraic observable 
(n — l)-form (see Section 3.3). 



3.2 Observable (n — l)-forms 

We now define the concept of observable (n — l)-fornis F. The idea is that given a point 
m E A4 and a Hamiltonian function H, if X{m) G [W]^, then {X{m),dFm) should not 
depend on the choice of X{m) but only on dTim- 

3.2.1 Definitions 

Definition 3.4 Let m E M. and a E a is called a copolar n-form if and only if 

there exists an open dense subset C such that 

VX, X e , Xjfi = XjH ^ a(X) = a(X). 

We denote by the set of copolar n-forms at m. A {n — l)-/orm F on AA is called 

observable if and only if for every m E AA, dFm is copolar i.e.dFm E PffT^JA. We 
denote by the set of observable {n — 1)-forms on AA. 

Remark — (i) The reason for the terminology “copolar” will become clear in Section 5. 
(ii) For any m E AA, is a vector space (in particular if a, 6 G P^Tf^^JA and 

A, /i G M then \a + vh E P^Tf^^AA and we can choose Off;^'^^AA = O^AA fl O^AA) and so 
it is possible to construct a basis (oi, • • •, a^) of it. Note also that for any a E P^Tf^JA 
we can write a = t^ai + ■ —h Far which implies that we can choose O^AA = Efg^iOf^AA. 
So having choosing such a basis (oi, ■ ■ ■ ,ar) we will denote by OmAA := (Tg^^Of^AA (it 
is still open and dense in D^AA) and in the following we will replace O^AA by OmAA in 
the above dehnition. We will also denote by OAA the associated bundle. 

Lemma 3.1 Let 0 : AA —AA be a symplectomorphism and F E Then G 

As a corollary, if ^ E sp^AA (i.e.is an infinitesimal symplectomorphism) and 
F E then L^F E 

Proof — For any n-vector helds X and X, which are sections of OAA, and for any F E 
X j H = X j H X j = X j ^ (0,X) j H = (0,X) j Ll 

implies 

dF{(j),X) = dF{(j),X) ^ (P*dF{X) = (P*dF{X) ^ d(0,F)(X) = d(0,F)(X). 

Hence (j)*F E ■ 

Assume that a given Hamiltonian function on Xf is such that [Xfff C OmAA. Then we 
shall say that H is admissible. If TC is so, we dehne the pseudobracket for all observable 
(n — l)-form F E iP”“^Xl 

{H,F} ■.= X AdF = dF{X), 

where X is any n-vector in [X]^. Remark that, using the same notations as in section 
2.3.1, if lL{x, u, e,p*) = e + F[{x, u,p*), then {LL, x^dx"^ A ■ ■ ■ A dx”} = 1. 



3.2.2 Dynamics equation using dynamical brackets 

Our purpose here is to generalize the classical well-known relation dF/dt = {H, F} of the 
classical mechanics. 

Proposition 3.1 Let Li be a smooth admissible Hamiltonian on A4 and F, G two ob¬ 
servable {n — 1)-forms with Li. Then VF G 

{n,F}dG\r = {H,G}dF\r. 

Proof — This result is equivalent to proving that, if X G D'^M. is different of 0 and is 
tangent to F at m, then 


{Ft, F}dG{X) = {n, G}dF{X). (23) 

Note that by rescaling, we can assume w.l.g. that X J O = (—i.e. X G [X]^. But 
then (1^) is equivalent to the obvious relation {7F, F}{7F, G} = {H, G}{TC, F}. ■ 

This result immediately implies the following result. 

Corollary 3.1 Let Ti be a smooth admissible Hamiltonian function on A4. Assume that 
F and G are observable {n — 1)-forms with TL and that {H, G} = 1 (see the remark at the 
end of Paragraph 3.2.1). Then denoting ov := dG we have: 

VFg£^, {n,F}uj\T = dF\r. 


3.3 Algebraic observable (n — l)-forms 

3.3.1 Definitions 

Definition 3.5 Let m E AA and a G X^Tf^M.; a is called algebraic copolar if and only if 
VX, X G X^TmM, XjO = XjO ^ a(X) = a(X). 

We denote by P^Tf^Ai the set of algebraic copolar n-forms. 

A {n — l)-/orm F on {AA, O) is called algebraic observable (n — l)-/orm if and only if for 
all m G A4, dFm G P^Tf^Ad. We denote by the set of all algebraic observable 

{n — l)-/orms. 


We invite the reader to compare this dehnition with dehnition 
dehnition are stronger than those of dehnition p.4| . Hence 
general the converse inclusion is false. 


the requirements of 
C In 


Definition 3.6 A multisymplectic manifold (Xf,H) is pataplectic if and only if the set 
of observable {n — l)-forms coincides with the set of algebraic observable {n — l)-/orms, 




We shall see in Paragraph 3.3.3 that the multisymplectic manifold corresponding to the 
de Bonder-Weyl theory is not pataplectic (if k > 2). But any open subset of A^T*Af is 
pataplectic, as proved in Section 4.3. (Moreover we shall also characterize completely the 
set of algebraic observable (n — l)-forms in Section 4.4.) 

We remark also that any [n — l)-form F such that there exists a vector held ^ satisfying 
dF + .^ J B = 0 is algebraic observable, for then X J B = X J B implies dF{X) = 
J B(X) = -(-1)”X j B(0 = -(-1)”X j B(0 = dF{X). The converse is true: 

Lemma 3.2 Let m E M. and 0 G PqT^M.. Then there exists a unique ^ G T^M. sueh 
that (j) + i J B = 0 . 

As a corollary, if F is an algebraic observable {n — l)-/orm, then there exists an unique 
tangent vector field fp on AA such that dF + J B = 0 everywhere. 

Proof — Let us hx some point m & M. and dehne the equivalence relation ~ in A’^T^AA 

t’y 

X~x ^ XjB = XjB. 

Set Vm ■= {(—1)"'X J Ll/X G A^TmAA} C and consider the linear mapping 

L : A^T^AAj ^ Vm 

[X] I—^ (-1)”X J B, 

where [X] is the class of X G A^TmAA modulo ~. It is clear that this map is well dehned, 
one-to-one and onto, hence a vector space isomorphism. Also dimW < dimT,^Xl = N. 

Now observe that for any vector ^ G T^AA a linear form G [A^TmAA)* can be con¬ 
structed by A'^TmAA 3 X i—> OifiX) := —^ J B(X) G M. This form is constant on each 
class modulo ~, since X ~ X implies 

a^(X) = -e J f^(X) = -(-1)"X J B(0 = -(-1)"X J B(0 = -e J ^^(X) = a^(X). 
This hence dehnes the following linear map 

: TmM —^ A^T^M —^ {A^TM/ -)* 

^ ^ ^ [[X]^a^(X)]. 

The linear map is also one-to-one because B is non degenerate. But (recall that 
(AmTmJA = N) on the other hand the dimension of its target space is 

dim {A^TAA/ -)* = dim {A^TAA/ ~) = dim^^ < dimT*Xl = N. 

So we deduce that dim {A^TAA/ ~)* = N and Vm = Tf^AA. Hence is in fact a vector 
space isomorphism. Now we can restate the hypothesis of the Lemma by saying that 
X I—> 4>{A) belongs to {A^TAA/ ~)*, so that we can represent this linear form by an 
unique f G TmAA as claimed. ■ 



3.3.2 Poisson brackets between observable (n — l)-fornis 

There is a natural way to construct a Poisson bracket x i—^ 

To each algebraic observable forms F,G & we associate hrst the vector 

helds and such that J + dF = -I ^ + dG = 0 and then the (n — l)-form 


{F,G} ■.= ^FA^G^n. 

It can be shown (see |^) that {F, G} E and that 

4F,G} + [eF,eG] Jf^ = 0 , 

where [.,.] is the Lie bracket on vector helds. Moreover this bracket satishes the Jacobi 
condition modulo an exact term^ (see |]I^ ) 

{{F, G}, H} + {{G, H}, F} + {{H, F}, G} = d{^F 

This bracket can be extended to forms in through different strategies: 

• By exploiting the relation 


{F,G} = ^F^dG = -^G^dF, 

which holds for all F,G E A natural dehnition is to set: 

VF e VG e {F, G} = -{G, F} := J dG. 


In [18| we call this operation an external Poisson bracket. 


If we know that there is an embedding t : At 


pataplectic manifold and that (i) fPg 

^ : F 

forms on At which vanish on At - 


mapping fPg ^At 


At, into a^ higher dimensional 
ii) the pull-back 
l*F is — modulo the set of closed {n — 1)- 
an isomorphism. Then there exists a uni^e 


Poisson bracket on ^"'“^At which is the image of the Poisson bracket on ^((“^At. 
This situation is achieved for instance if At is a submanifold of A"T*A/', a situa¬ 
tion which arises after a Legendre transform. This will lead basically to the same 
structure as the external Poisson bracket. In more general cases the question of 


extending At into At is relatively subtle and is discussed in the paper [20 


"‘Note that in case where the multisymplectic manifold (At,P) is exact in the sense of M. Forger, 
C. Paufler and H. Romer ||^, i.e.if there exists an n-form 9 such that Q, = dO (beware that our sign 
conventions differ with 0) , an alternative Poisson bracket can be defined: 

{F, G}s := {F, G} + d(CG J F - J G + A J 0). 

Then this bracket satisfies the Jacobi identity (in particular with a right hand side equal to 0), see |^, 

0 - 
























3.3.3 Example of observable (n —l)-forms which are not algebraic observable 
(n — l)-forms 

In order to picture the difference between algebraic and non algebraic observable (n — 1)- 
forms, let us consider the example of the de Donder-Weyl theory here corresponding to 
a submanifold of Af = x (for n,k > 2) dehned in Paragraph 2.3.1. We use 

the same notations as in Paragraph 2.3.1. As a straightforward consequence of Lemma 
|3.2| , the set of algebraic observable (n — l)-forms coincides with the set of 

[n — l)-forms F on such that, at each point m G dF^ has the form 

(where we assume summation over all repeated indices). Now we observe that, by the 
Pliicker relations. 


VI < p < n, VA' 6 MX))”-'u,;\:X{X) = det , 

so it turns out that, if X G is such that u!{X) 7^ 0, then all the values 

can be computed from uj{X) and 

Hence we deduce that the set of (non algebraic) observable {n — l)-forms on 
contains the set of (n — l)-forms F on Ad'^^'^ such that, at each point m G Ad'^'^'^, dFm 
has the form 


dF 

Uj± YYi 






Let us denote by ^g x y)\Mdow this set. An equivalent definition could 

be that ^q“^A"'T*(A’ x y)\M<^ow is the set of the restrictions of algebraic observable 
forms F G ^o“^A’^T*(A:’ x A) on Ad'^^^ (and this is the reason for this notation). 
Hence D x A) \^j^dDw. Wc will S6G in Section 4.3 thnt the 

reverse inclusion holds, so that actually x y) ^j^dDw , with 

= {X e lu:{X) 7^ 0}. 


3.3.4 Observable functionals 

The physical observed quantities should correspond to functionals on the set . The 
simplest way to obtain these is to integrate an observable in — l)-form over a submanifold 
of codimension 1 of a Hamiltonian n-curve. Since we shall need later to integrate forms 
of degree p — 1, where 1 < p < n, we give a more general dehnition. 

Definition 3.7 Let LC be a smooth real valued funtion defined over a multisymplectic 
manifold (Ad,f2). A slice of codimension n — p + 1 is a cooriented submanifold S 0/Ad 




of codimension n — p + 1 such that for any T G S is transverse to F. By cooriented 
we mean that for each m E T,, the quotient space is oriented continuously in 

function of m. 

Example 10 — Assume that M = A^T*{X x 3^) and that H{x, y,p) = e + H{x, y,p*) as 
in Section 2.1. Then the inverse image of any submanifold of At by the projection map¬ 
ping A4 — At, {x,y,p) I—>• X is a slice of codimension 1. For instance if t : AA —> M 
is a smooth function which depends only on x and such that dt ^ 0 everywhere (a time 
coordinate), then any level set of t is a codimension 1 slice (constant time hypersurface) 
and a (class of) vector r G is positively oriented if and only if dtij) > 0. 


Using a slice S of codimension 1 and an observable {n 
observable functional denoted symbolically by f^F : \ 


l)-form F we can define the 
M by: 


r ^ F. 

Jsnr 

Here the intersection S fl F is oriented as follows: assume that a G is such that 

«|r^s = 0 and a > 0 on TmAA/TmT and let X G A’^T^F be positively oriented. Then we 
require that X \_ a E fl F) is positively oriented. 

Lastly, for any slice S of codimension 1 we can dehne a Poisson bracket between the 
observable functionals F and G by VF G 

[ F, [ g|(F):= [ {F,G}. 

'E Js J Jsnr 

If 9F = 0, it is clear that this Poisson bracket satishes the Jacobi identity. Computations 


m 


231, 18 show that this Poisson bracket coincides with the Poisson bracket of the 


standard canonical formalism used for quantum held theory. 

3.3.5 Pataplectic invariant Hamiltonian functions 

We have seen in section 2 the role of the pseudohbers inside AFT*Af in the Legendre cor¬ 
respondence. We shall prove in Section 4.5 that the tangent spaces to these pseudohbers 
can be characterised intrinsically. This motivates the following dehnition. 


and for all m G AJ we dehne the generalized 


(24) 


For all Hamiltonian function FC : AA — 
pseudofiber direction to be 

L” := K6T„A4/VXelX]« ViX6TxD”A4,^jSJ(iX) = 0} 

= (r|;,eD:A4jSj)y 

And we write := UmgxLm TAA for the associated bundle. The next lemma 
illustrates this dehnition. In the following if ^ is a smooth vector held, we denote by 
(for s E I, where I is an interval of M) its how mapping. And if E is any subset of AA, 
we denote hy Eg := e^^{E) its image by e^^. 











Lemma 3.3 Let T G be a Hamiltonian n-curve and ^ be a vector field which is a 
smooth section of L^. Suppose that, for all s E I, Tg is a Hamiltonian n-curve. Let S 
be a smooth {n — 1)-dimensional submanifold of T and F G If one of the two 

following hypotheses is satisfied: either 

(a) dE = 0, or 

(b) ^ J F = 0 everywhere, then 

WsEl, [ F = [ F. (25) 

is JSs 

i.e. the integral of F on the image ofE by does not depend on s. 



Figure 4: Invariance of an observable functional along the generalized pseudofiber direc¬ 
tions as in Lemma B.3| 


Proof — Let us introduce some extra notations: a : / x F —> M. is the map {s,m) i—^ 
a{s,m) := Moreover for all m G U dUg we consider a basis (Xi, • ■ ■ ,Xn) of 

TjnTg such that X := Xi A ■■■ A X^ G [X]^, (X 2 , • ■ ■ ,Xn) is a basis of and, if 

m G dTig, (-^3, • ■ •, Xn) is a basis of TmdTig- Lastly we let (0^, ■ • •, 9'^) be a basis of TfJPs, 
dual of (Xi, • • •, Xn). We hrst note that 

[ a*F = 0, 

J{0,s)xdT, 

either because dT, = 0 (a) or because, if dT, 7 ^ 0 , this integral is equal to 


'(0,s)x9S 


F(j(s,m) {i-, X 3 , • • •, Xn)ds A 6*^ A ■ ■ ■ A 6*"’ 













which vanishes by (b). Thus 


F- F= / = / {c^^YF-F- 

*J *J Kf 


a*F 


= f a*F 

[ d{a*F) 


Ja((o,s)xs) J 

n 

'(0,s)xS 

r 


= / WdF = 

1 dF(j(^g„yiYf,X2,'' 

•, Xn)ds A 6*^ A 

J{0,s)x'E J 

'o-((0,s)xS) 


since F G we have that 







■■ 


l](e,eF,X2,---,X„) 

= {^F A X 2 A ■ ■ ■ A Xni ^ J f2). 


Now the key observation is that A X 2 A ■ ■ ■ A G TxD'^M. and so the hypothesis of 
the Lemma implies that {^f A X 2 A ■ ■ ■ A X„, ^ J f2) = 0.... Hence (^) is satished. ■ 

The above result leads to the question whether the image of a Hamiltonian n-curve by 
the flow of a vector helds with values in is also a Hamiltonian n-curve. This motivates 
the following dehnition. 

Definition 3.8 We say that Ti is pataplectic invariant if 

. ve G dHmiO = 0 

• for all Hamiltonian n-curve T G for all vector field f which is a smooth section 
of L^, then, fors G M sufficiently small, T^ := e^^(r) is also a Hamiltonian n-curve. 

We shall prove in Section 4.5 (Theorem [4.4|) that, if Ad is an open subset of A^T*Af, 
any Hamiltonian function on AA obtained by means of a Legendre correspondence from a 
Lagrangian problem is pataplectic invariant. Another consequence of Lemma |3.3| and of 
Theorem |4.4| will be derived in Proposition |4.3|, in Section 4.5. 

4 The study of k^T^J\f 

In this section we analyze in details the special case where AA is an open subset of A^T*Af. 
Since we are interested here in local properties oi AA, we will use local coordinates m = 
('JjP) = y Pai-an) ou AA, aud the multisymplectic form reads A 

dq'^^ A ■ ■ ■ A dg"". For m = {q,p), we write 

l<Q<n+/c l<ai<---<an<n-\-k 

SO that dH = dgH + dpH. 




4.1 The structure of [X] 


n 

m 


Here we are given some Hamiltonian fnnction Ti : M —M and a point m E Xt snch 
that [X]'^ 7 ^ 0 and^ dpHm 7 ^ 0. Given any X = Xi A ■■■ A Xn G D'^M. and any form 
a G T^Ai we will write that a\x ^ 0 (resp. a\x = 0) if and only if (a(Xi), • • ■, a(X„)) ^ 0 
(resp. (a(dfi), • • ■, a{Xn)) = 0). We will say that a form a G T^M. is proper on [X]^ if 
and only if we have either 


or 


n 

m’ 

a\x 7 ^ 0 , 

(26) 


a\x = 0 . 

(27) 


In the first case 


VX G [X]^ 

we call a a point-slice. We are interested in characterizing all proper 


1-forms on [X]^. We show in this section the following. 

Lemma 4.1 Let A4 be an open subset of XT*M endowed with its standard multisym- 
plectic form G, let Li : Ai —>■ M &e a smooth Hamiltonian function. Let m E Ai such 
that dpTLm 7 ^ 0 and [X]^ 7 ^ 0. Then 

(i) the n + k forms dq^, ■ ■ •, are proper on [X]^ and satisfy the following property: 

VX G [X]^ and for all Y, Z E T^Ad which are in the vector space spanned by X, if 
dq°'{Y) = dq°‘{Z), Va = 1, • • •, n -|- fc, then Y = Z. 

(a) Moreover for all a E Tf^Ai which is proper on [X]^ we have 


3!A G M, 3!(ai, • • •, On+k) ^ 


pn+Ai 




n-\-k 

E 

a=l 


a^dq'^ 


(28) 


(Hi) Up to a change of coordinates on Af we can assume that dq^, ■ ■ ■, dq"^ are point-slices 
and that dq'^~^^, • • ■, satisfy ^1[). Then a E T*A4 is a point-slice if and only if 

occurs with (oi, • • ■, a„) 7 ^ 0 . 

Proof — First step — analysis of [X]^. We start by introducing some extra notations: 
each vector Y E TmAA. can be decomposed into a “vertical” part Y^ and a “horizontal” 


part Y^ as follows: 
set Y^ := 

Xi A ■■■ A X„ 


for any Y = ^2 

and := ^ 


\ra d 

l<a<n+k ■' dq'^ 


+ E 




X 


d 


.X„ 


a 


Let X = 


jl<a<n+k aq°‘ ' ^l<cii<---<an<n+k'^oii"<^nQp^^,,,^^ 

E Dlf {A^T*X) and let us use this decomposition to each X^: then X 
can be split as X = where each Xq) is homogeneous of degree j in the vari¬ 

ables X}f and homogeneous of degree n 


j in the variables X^ 


H 


Recall that a decomposable n-vector X is in [X]^ if and only if X J G = {—l)^dTC. This 
equation actually splits as 

X(0) J G = {-l)^dpn (29) 

and 

X(i) J G = (30) 

^observe that, although the splitting dH = dqTi + dpH depends on a trivialisation of A'^T*A', the 
condition dpHm 7 ^ 0 is intrinsic: indeed it is equivalent to ^^IfmiKerdnm ^ where 11 : A^T*JV —> TV. 





Equation determines in an unique way X(o) G D^M. The condition dpTi. ^ 0 implies 
that necessarily^ X(o) 7 ^ 0 . At this stage we can choose a family of n linearly independant 
vectors • • •, in TqM such that A ■ ■ ■ AX° = X(o). Thus the forms dg" are proper 
on [X]^, since their restriction on X are fully determined by their restriction on the vector 
subspace spanned by X°, ■ ■ • ,X°. Furthermore the subspace of TmM. spanned by X is 
a graph over the subspace of TqAf spanned by X(o). This proves the part (i) of the Lemma. 


Proving (ii) and (iii) requires more work. First we deduce that there exists a unique family 
(Xi, • • •, Xn) of vectors in T^M. such that V/i, X^ = X° and Xi A ■ ■ ■ A X„ = X. And 
Equation (^O]) consists in further underdetermined conditions on the vertical components 
of the X^’s, namely 








&H 


where 

I 

and 

Aai---Qn-1 
{j’l ■ "{J’Tl — l 

Step2 — Local coordinates. To further understand these relations we choose suitable 
coordinates g“ in such a way that dpHm = dpi...n and 


X«i 

Vi 


X 


/^1 


X«1 

Mn-1 


WQIn-l 

Mn-1 



d 

dq^ 


for p 


1, ...,u, 


so that (1^) is automatically satished. In this setting we also have 


(31) 


(-l)“A',i, J SI = - - (-1)" 

Ai /J, n<P 

and so (^) is equivalent to 

< 


dn 

on 

dq^ 


, for 1 < fi < n 
, for n+l<(3<n + k. 


(32) 


Let us introduce some notations: / := {(ai, ■ • •, a„)/l < cti < ■ • ■ < < u + /c}, 

/° := {( 1 , • • •,^)}, := {(«!, • • • , «n-i, /3)/l < 0(1 < • • • < an-i < n,n + 1 < p < 

®Note also that (|2|) implies that dpTt must satisfy some compatibility conditions since Aifo) is decom¬ 
posable. 












n+ fc}, /** := / \ (/°U/*). We note also := — 

Zl(ai,-,a„)e/** and := (-l)"+‘^X^,i...p...„^. Then the set of solutions 

of and (1^) satisfying (^T]) is 


X, 


d 

dqf^ 


dn d 

dqf^ dpi-n 


+ 


(33) 


where the components of are arbitrary, and the coefficients of are only subject to 
the constraint 

5Z^m./ 3 = “|S’ forn + 1 </3<n + /c. (34) 

Step 3 — The search of all proper 1-forms on [X]^. Now let a G Tf^M. and let us look 
at necessary and sufficient conditions for a to be a proper 1-form on [X]^. We write 


a = ^aadg"-|- ^ a°‘^"'^'^dpai-a, 

a ai<---<an 


Let us write a* := a** := 


and 


u n<0 


and 

{R„a"):= Y1 

Using (P3|) we obtain that 






dT~L 

u(X^) a^ Q ®*) 4” ('^A‘5 u**) • 


Lemma 4.2 Condition 


(resp. (|^)j is equivalent to the two following conditions: 


a* = a** = 0 


(35) 


and 


m 


l---n 


m 

dq^ 




7^0 ('resp. =0j. 


(36) 


Proof — We first look at necessary and sufficient conditions on for a to be a point-slice, 


i.e. to satisfy 


Let us denote by A := [an — 


dH„l-r 


and M := (M^) R := [R^) 


We want conditions on in order that the image of the affine map {M,R) \—>■ 

A{M, R) ■.= A + {M, a*) -I- {R, a**) does not contain 0 (assuming that M satisfies the 
constraint (|3^) ). We see immediately that if a** would be different from 0, then by 









choosing M = 0 and R suitably, we could have A{M, R) = 0. Thus a** = 0. Similarly, 
assume by contradiction that a* is different from 0. Up to a change of coordinates, we 
can assume that ^ 7^ 0- And by another change of coordinates, we can 

further assume that a 2 ---n(n+i) — \ ^ q = g, if i/ > 1. Then choose 

= 0 if /? > n + 2, and 





^3,n+l ■■ 



( h 

t2 

is 

• • • tn \ 


<n+. 




= 

0 

S 

0 

... 0 


V ^l,n+l 


^3,n+l ■ 



1 0 

0 

0 

■ ■■ 0; 

where s = 

= -ti - dH/dq^+^ 

Then we 

hnd that Ap{M,R} 

= A 

4 + 



this expression vanishes for a suitable choice of the t^’s. Hence we get a contradiction. 
Thus we conclude that a* = 0 and A ^ 0. The analysis of 1-forms which satishes (|27|) is 
similar: this condition is equivalent to a* = 0 and A = 0. ■ 


Conclusion. We translate the conclusion of Lemma [4.2| without using local coordinates: 
it gives relation 


4.2 Slices of codimension 1 


We consider a smooth function / : M. —M, we fix some s G M and we are looking for 
necessary and sufficent conditions for the level set := {m G M./f{m) = s} to be a 

slice of codimension 1. It just means that Vm G /“^(s), dfm is a point-slice. Using Lemma 
we obtain two conditions on dfm'- the condition (|3^ can be restated as follows: for all 
m E A4 there exists a real number A(m) such that dpfm = ^{'rTL)dpHm- Condition (^) is 
equivalent to: 3(ai, • ■ ■, «„) £ 31 < 


{Lf,(m) := 


dn 


dp, 


[m] 


ai-'-an 


IL 


[m] 


df 


dp, 


ai-'-an 


(37) 


[Alternatively using Lemma ^T|, dfm is a point-slice if and only if 3A(m) G M, 3(ai, • • •, On+k) £ 
]^n+fc _|_ Yl'^iO‘adq°' and (ai,---,an) ^ 0.] Now we remark 

that dpfm = ^{fn)dpT-Cm everywhere if and only if there exists a function / of the variables 
{q,h) G A/” X R such that f{q,p) = f{q,R{q,p))- So we deduce the following. 


Theorem 4.1 Let M be an open subset of A^T*Af endowed with its standard multisym- 
plectic form U, let Ti. : AA — > M. be a smooth Hamiltonian function and let f : Ai —>■ R 
be a smooth function. Assume that dpH ^ 0 and [W]^ ^ 0 everywhere. Then all level 
sets of f are slices if and only if3{q,h) G A/” x R such that f{q,p) = f^q^R^q^p)) and 
Vm G M, 3(01, • • •, On) G /, 31 < /i < n, {H, ^ 0. 

Example 11 — We come back here to the situation and the notations expounded in 
Section 2.3, about the Legendre correspondence for maps u : X —>• y which are critical 











points of a Lagrangian functionall. Denoting by p* the set of coordinates forj > 1, 

the Hamiltonian function has always the form T-L{q,e,p*) = e + H{q,p*). Assume now 
that, \/q & M = X xy, there exists some value p^ ofp* such that dH/dp*{q,pQ) = 0. Note 
that this situation arises in almost all standard situation (if in particular the Lagrangian 
l{x,u,v) has a quadratic dependence in v). Now let us assume the hypotheses of Theorem 
o and consider a function f whose level sets are slices. Then since f{q,p) = f{q, 'H{q,p)) 
we deduce that {H, f}ff; '^^{q,p) = {q, p) ^{q, hi^q, p)). Now for all {q, h) e Af x 

M, letp^ be such that dH/dp*{q,p(f) = 0 and let cq := h — H{q,p(f) ■ Since §^{q, eo,Po) ~ 0 
and ^ = 1, condition ^1\ ) at m = {q,eQ,p(f) means that 3/i with 1 < /i < n such that 

■^{q,h) = ■^{q,H{q,eo,p(f)) A 0- T^his singles out space-time coordinates; they are 
the functions on A4 needed to build slices. 

4.3 Algebraic and non algebraic observable (n—l)-fornis coincide 

We show here that {N^T*Af, f2) is a pataplectic manifold. 

Theorem 4.2 If N4 is an open subset of A^T*Af, then 

Proof — We already know that C Hence we need to prove the reverse 

inclusion. So in the following we consider some m G A1 and a form a G H^Al and 
we will prove that there exists a vector held on A1 such that a = .^ J H. We write 
O^M := 0(^M. 

Step 1 — We show that given m = {q,p) E AA it is possible to hnd n + k vectors 
{Qi, ■ ■ ■ ,Qn+k) of TqM. such that, if n*((5Q,) := Qa (the image of Qa by the map 
n : A1 —>■ M), then {Qi, ■ ■ ■ ,Qn+k) is a basis of TqM and such that 

I < ai < ■ ■ ■ < an < n + k, A • • ■ A G OmM. 


This can be done by induction by using the fact that OmAA is dense in D(fAA. We 
start from any family of vectors (Q?, ■ • •, Qn+k) (Qi’''' ’ Qn+k) i® ^ 

basis of TqM (where := n*((5°)). We then order the multi-indices (oi, • • •, «„) 

such that !<«! <■■■< an < n + k (using for instance the dictionary rule). Using 
the density of OmAA we can perturb slightly (Q^, ■ ■ ■, Qn+k) i^A {Q\, ■ ■ ■, Qh+Q in such 
a way that for instance Q\ A ■ ■ ■ A Qh ^ OmAA (assuming that ( 1 , • • ■, n) is the small¬ 
est index). Then we perturb further {Q\, ■ ■ ■, Qh+A into {Qf, ■ ■ ■, Qn+k) i^^ such a way 
that Ql A ■ ■ ■ A Qn-i A Qn+i £ OmAA (assuming that (1, • • ■, n — 1, n -|- 1) is the next 
one). Using the fact that OmAA is open we can do it in such a way that we still have 
Qi A ■ ■ ■ A G OmAA. We proceed further until the conclusion is reached. 

In the following we choose local coordinates around m in such a way that Qa = da A- 

E p fpi-'-On 





Step 2 — We choose a multi-index (ai, • • •, a„) with l<ai<-- - < an <n + k and 
dehne the set := OmM. fl where 




W A ■ ■ ■ A e = A + 


dq^ 




X 


d 


/i,/3l'"/3n 


l<P\<---<Pn<n+k 


dpX-t 


We want to understand the consequences of the relation 

VX,X e Xjf] = Xjf] ^ a(X) = a(X). (38) 

Note that is open and non empty (since by the previous step, Qa^ A ■ ■ ■ AQq,^ G 

'“"Xl). We also observe that, on X \ —»• X J f2 and X i—^ a(X) are 

respectively an affine function and a polynomial function of the coordinates variables 
Thus the following result implies that actually 

Lemma 4.3 Let X G M and let P be a polynomial on and /i, • • •, /p he affine functions 
on Assume that there exists some Xq G and a neighbourhood Vq of Xq in such 
that 

Vx, X G W, */Vj = 1, ■ • • ,p, fj{x) = fj{x), then P{x) = P{x). 

Then this property is true on . 


Proof — We can assume without loss of generality that the functions fj are linear and 
also choose coordinates on such that fj{x) = x^, Vj = 1, • • • ,p. Then the assumption 
means that, on Vq, P does not depend on xP^^,---x^. Since P is a polynomial we 
deduce that P is a polynomial on the variables x^, - ■ ■ ,xP and so the property is true 
everywhere. ■ 

Step 3 — Without loss of generality we will also assume in the following that (ai, ■ ■ •, a„) = 
(1, • • •, n) for simplicity. We shall denote by all coordinates and Pai-- an-, so that we 
can write 

a= A ■ ■ ■/\ . 

We will prove that if (Ji, • • •, J„) is a multi-index such that 

• contains at least two distinct coordinates of the type and 

• {m^b ■ ■ ■) does not contain any g", for n + l<a<n + k 

then Ai^...i^ = 0. Without loss of generality we can suppose that 3p G M such that 
1 < p < n — 2 and 

• • ■, and m'^^+b ''' > ^ {Pai-on/l < ai < ■ ■ ■ < an < n + k}. 


We test property (|3^) specialized to the case where X = Xi A ■ ■ ■ A X„ with 


X 


u 


d 

dq>^ 


^ dmh ’ 

j=p+i 


'ipL = 1, ■ • • , u. 






Then 


1 ■■■ 0 0 ■■■ 0 


a{X) = 


0 


1 0 

V^p+l x^^p+l 
-^p ^p+i 





0 


•y-Ip +1 



= ^h -Iu 


X. 


P+1 



Remind that using the notations of Paragraph 4.1 we can write any X 
X = Xi A ■ ■ ■ A Xn with 


Y^p+l 

’ ’ * 



(39) 

G as 




d d 

^dpi...n 


n-\-k 

+ Rfj., 


/3=n+l 


where := 
then 

n n+k / ^ \ 

(-i)”A' j!j = dpi J2 

Ai=l /3=n+l \p=l / 

Within our specialization this leads to the following key observatiorQ. at most one line 
{Xi , • • •, Xn ) ( for p +1 < j < n) in the n x n determinant in (^) is a function of X J hi 
(for = pi-n)- In all other lines number i/, where p + 1 < v < n and zz ^ j, there is 
at most one component Xj^'' which is a function of X j hi. All the other components are 
independant of X J hi. Thus we have the following alternative. 

(i) • ■ •, does not contain pi...n (i-e. the line {Ei, • • ■, En) does not appear 
in the n x n determinant in (^^), or 

(ii) , m^"} contains pi...n (i-e. one of the lines is {Ei, ■ • •, En)) 

Case (i) — Then the right hand side determinant in (^81) is a polynomial of degree 
n — p>2. Thus we can find a monomial in this determinant of the form • • ■ Xh 

(where cr is a substitution of {p + 1, • • •, n}) where each variable is independant of X J hi. 
Hence in order to achieve (|38|) we must have = 0. 

Case (ii) — We assume w.l.g. that = pi...n- We shall freeze the variables 

(i.e. Efj,) suitably and specialize again property (^51) by letting free only the variables xl/ 

for p + 2 < j < n and 1 < p < n. Two subcases occur: if p < n — 2 then we choose 

Xf/^^ = Then we are reduced to a situation quite similar to the first case and we 

can conclude using the same argument (this time with a determinant which is a monomial 
of degree n — 1 — p > 2). 

^Remark that each of the n —p last lines in the n xn determinant in ( p^ is either {Ei, • • •, E^) or of 
the type 1 ^m^s) (2^1,cn ■ ■ - ctn ? * * ’ ? 2fn,ai ■■■an) 7 t^r (oi, • * • , O^n) G I 










If p = n - 2 then a{X) = - X^" . If the knowledge of X j 

prescribes then by the key observation X^"l^ is free and by choosing X^"-i = 5^ we 
obtain a(X) = —Aj^...i^Xl^_^. If X J f2 prescribes X^" ^ then X^ is free and by choosing 
we obtain a(X) = Ai^...i^Xl^. In both cases we must have Ai^...i^ = 0 in 
order to have (|3^) . 


Conclusion — Steps 2 and 3 show that, on X i—>■ a(X) is an affine function 

on the variables Then by standard results in linear algebra ( |35[) implies that, 

VX G a(X) is an affine combination of the components of X J 12. By repeating 

this step on each we deduce the conclusion. ■ 


Theorem 4.3 Assume that M = X x y, M. = X^T*J\f and consider to be the 

submanifold of A'^T*M as defined in Paragraph 2.3.1 equipped with the multisymplectic 
form which is the restriction of Vt to . Then coincides with 

^n-lAny*(;p 

X y)\j^dDw, the set of the restrictions of algebraic observable {n — l)-forms 

of{M,n) to 


Proof — The fact that contains all the restrictions of algebraic observable 

l)-forms of (2W,f2) to was observed in Paragraph 3.3.3. The proof of the 


(n 


reverse inclusion follows the same strategy as the proof of Theorem ^4.2| and is left to the 
reader. ■ 


4.4 All algebraic observable (n — l)-forms 

Proposition 4.1 If AA is an open subset of A'^T*Af, then the set of all infinitesimal 
symplectomorphisms S on AA are of the form S = y + ^, where 


X ■ = 


E 


Xpi-gAo) 


d 




dpgi-pr. 


and 


d 


(40) 


dq 


a,P 


dql 


where 


• the coefficients Xpvpn that d{x J 12) = 0, 

• ^ arbitrary vector field on Af, 

• •= --• 

/3l<-</3n U PPl-Pr. 

As a consequence any algebraic observable {n — l)-form F can be written as F = A P^, 
where 

Cpi-pn-iiQ)dq^' A • ■ ■ A dqA-^ 

Pi<---<p„-i 

Then y J 12 = —dQ^ and J 12 = —dP^. 


and P^ = f 9. 







Proof — The fact that and belong to was already proved in |T^. Here we 

need to prove that any inhnitesinial symplectomorphism S can be written as above. Let 
ns write 




and analyse the eqnation d{E J H) = 0. We can write d{E jH) = A + B + C + where 

oi<-<q:„ f3 ^ 


E E 






dE 


dpf}^-^ 


A A ■ ■ ■ A 


C := EE E A A ■ ■ ■ A dg"""! A dq^ A A ■ ■ ■ A dg° 


and 


fi 0 ai<"-<a„ 


dE^ 


D ;— 'y ^ y ^ ^ dpai---ar, A 


Oi 01<--<0r 




d d 

^ ^ ^ ^ ^ A dg^i A • ■ ■ A dq^-) 


The eqnation d(E J H) = 0 can be split into three eqnations H = 0, i? + C' = 0 and 
D = 0, according to the homogeneity in the dpfs. 

Relation D = 0 — £x /3i < • • • < and a, then choose any ai < ■ ■ • < and p snch 

that = a and da^ A ■ • • A da^ A ■ ■ ■ A da^ J dq^^ A ■ ■ ■ A dg^" = 0. Then 


(95" 

^P/3l-/3n 


-ly 


d 


A 


a 




A 


d 


ai"-an 


dq 


ai 


A • • ■ A 


d 


dq^ 


A • ■ ■ A 


a 




jT) = 0 . 


Hence 5"(g,p) = ^"(g). 

Relation B + C = t) — it implies that, if the cardinal of {ai, • • •, an} H {/3i, • • •, /?„} 
is less or eqnal than n — 2, then " J" (g,p) = 0. In other cases, 3/r,/? snch that 
{/3i, • • •, /3n} = {q?i, • • • /3, a^+n • • •, «n} and it gives 






Q;i-"Q;r, 


dq^ 


Hence there exists coefficients X0i---0n which depends only on g snch that 


Sgi.../3„(g,p) = X0^-pM) - 


EE 

fi a 




and we recover 5 = ^ + x, where f and y are given by (|40|) . 

Relation H = 0 — it gives then d(x J H) = 0. ■ 























We let0 sPqM to be the set of infinitesimal pataplectomorphisms of the form x (with 
X J hi closed) and sppM. those of the form ^ (for all vector helds ^ G Ai)) as 

dehned in (^). Then sp^M. = spqM. ®sppM.. We also denote by (as in ||T8| ) 

the set of algebraic observable (n — l)-forms Qh snch that G spqM. and we denote by 
the set of algebraic observable (n — l)-forms snch that ^p^ G sppM.. The Lie 
bracket relations are: 


where 


= 0 _ 

[ 6 , 6 ] = [ 6 , 6 ] 

- d 

[6x] = 2^ -, 


V'/3i -/3n C 


dq°‘ 




/3^— '••(3n 


dqPi^ 


As a conseqnence we have that [6 x] ^ -^pgAf, G sppM. and Vy G spqM.. Thus we 
conclude that spoAf is the semidirect product sppM. ix spqM.. In particular, spqM is 
an Abelian ideal of sPqAI. Note that the Poisson brackets of the corresponding algebraic 
observable {n — l)-forms has been computed in |]K . 


4.5 Invariance of the Hamiltonian in the pataplectic point of 
view 

We come back here to some of the properties of the Legendre correspondence described 
in sections 2.2 and 2.3: for all g G A/” the fiber Vg C A^T*Af is foliated by a family of 
affine subspaces, the pseudohbers Pq{z), for h G M and ^ G DgJ\f, with the property that 

p*(j) = P + Vp e P,\z). 

We work in this Section on an open subset Mq oiVq\ then the Legendre Correspondence 
Hypothesis implies that Zq{p) is reduced to one point that we shall denote by Z{q,p). 
Moreover 


Ti. is constant and equal to h on each Pq{z) (Lemma |2.3| ) 


• for all Hamiltonian n-curve T G and for all section T 3 m i—*• 7 r(m) of the 
pull-back of the bundle A^T*Af by the canonical projection T —> Af, such that 
7i{m) G (TzDqAf) , the submanifold {m -|- 7r(m)/m G T} is also a Hamiltonian 
n-curve. (Corollary |2.1|) . 


^recall that sppAf is the set of all symplectomorphisms of (Af,P) (see Definition 3.3) 














We now wish to rephrase the content of Lemma |2.3| and Corollary p.l| in terms which 
would make sense on an arbitrary pataplectic manifold. Given any smooth function 
Ti ; M. —>■ ffi we recall the dehnition given by 




:= {J e r(,,rtA</ VX e |A']«p,,v« e ( j fi(tt') = o}. 


We will prove that each subspace can be identihed with where p G Pq{z). 

We hrst need a preliminary result. 


Lemma 4.4 Let M be an open subset of and let Ti be an arbitrary smooth 

function from A4 to M, such that dpH never vanishes. Let f G then = 0, 

Va, i.e. 


^ ^ai-c 


d 


ai<'"<On 


dpai-.-On 


Proof — We use the results proved in Section 4.1: we know that we can assume w.l.g. that 
dpTi = dpi...n. Then any n-vector X G such that (—1)”'X J = dH can be 

written X = Xi A ■■■ A X^, where each vector Xp is given by (^) with the conditions 
on and Rp described in Section 4.1. We construct a solution X of (—1)”X j = 
dH = + dPi -n by choosing 

• = 0, VI < p < n 

• ^ 1,0 = 0 if (hX) ^ (1,1) 

• Mlp = - 0 , \/n + l<(5<n + k 
in relations (^3l). It corresponds to 




< 


\ 


Xi 


X, 


A 

dq^ 

d 

dqf^ 


dH d 

dq^ dpi...n 

dH d 

dqi^ dpi...n 


n-\-k 

+ (- 1 )" Y1 


0=n+l 


dH d 

dq^ dp2...n0 


if 2 < p < n. 


We hrst choose 5 X^d ^ to be 6X^^^ := ^ A X 2 A ■ ■ • A X„, where (5Xf ^ := 

At- ff 


(5X(^i = 


d 


dpi...r 


A A 

^ ggii 


Now let f G Lqqp)i we must have f J = 0. But a computation gives 


e J fl(<5XW) = (-1)’^<5X« J 11(0 = -A(0, 


so that dq^{f) = 0. 













For n + l<j3<n + k, consider := 5X[^^ A X 2 A ■ ■ ■ A G where 

6X[^^ := ^ . Then we compnte that SX^^'^ j = dq^. Hence, by a similar reasoning, 

the relation J Q{6X^^^) = 0 is eqnivalent to dq^{^) = 0. 

Lastly by considering another solntion X G to the Hamilton eqnation, where the 

role of Xi has been exchanged with the role of X^, for some 2 < /i < n, we can prove 
that dq^{^) = 0, as well. ■ 

Recall that the tangent space T'{g,p) {A"‘T*Af) possesses a canonical “vertical” snbspace 
{0} X Tp ~ Lemma can be rephrased by saying that, if dpH ^ 0 

everywhere, then can be identified with a vector snbspace of this vertical snbspace. 

Proposition 4.2 Let Ai he an open subset of A"'T*Af and let Ti be a Hamiltonian 
function on A4 built from a Lagrangian density L by means of the Legendre correspon¬ 
dence. Then, through the identification {0} x TpAiq ~ A^TfAf, L^p) coincides with 

Proof — First we remark that the hypotheses imply that dpTl never vanishes (becanse 
dH{0,uj) = 1). Let f G L'^qp)-! using the preceeding remark we can associate a n-form 
TT G A^TfAf to f with coordinates ■nai -an = We also observe that vr = ^ j H. 

Now let us look at the condition: 

yxe[x]l^py WdXeTxD^^^p^Ai, f^n{5X) = 0. (41) 

By the analysis of section 4.1 we know that the “horizontal” part X(o) of X is fully 
determined by Tt: it is actually X(o) = Z{q,p). Now take any 6X G TxD'^^^^^Ai and split 
it into its horizontal part 6z G Tz{q,p)D'fAf and a vertical part 5X^. We remark that 

• 5Z e Tz{q,p)DqAf 

• ^ jH(hX) = 7r{6X) = 7r{6z). 

Hence o means that tt G (Tz(q^p)D^Af)'^. So the result follows. ■ 

Theorem 4.4 Let AA be an open subset of A^T*Af and let Pi be a Hamiltonian function 
on Ai built from a Lagrangian density L by means of the Legendre correspondence. Then 

V(g,p) G Xl,Ve G dLf(,,p)(0 = 0. (42) 

And ifTEQ‘^isa Hamiltonian n-curve and if f a vector field which is a smooth section 
of L^, then denoting by e"^^ the flow mapping of f 

Vs G M, small enough ,e^^(F) is a Hamiltonian n—curve. (43) 

Proof — Through Proposition |4.2| (^^ and (l4^) are the translations of the inhnitesimal 
versions of Lemma |2.3| and Corollary p.l| respectively. ■ 



Note that Theorem is the motivation for Dehnition ^ 
Lemma P73| and of Theorem . 


Below is a consequence of 


Proposition 4.3 • Let C C A.^T*M he a smooth subbundle, V C A'^T*Af and H : V —>■ 
M. be a Hamiltonian function obtained by means of a Legendre correspondence. (Remind 
that Vq = U^^hPq{z).) 

• Let h G M and assume that all the pseudofibers Pq{z) contained in H~^{h) intersect C 
(so necessarily along C nV). 

• Let F E {A'^T*J\f) be an algebraic observable form of the form ^ -i 0, where f a 
tangent vector field to Af and 9 is the Poincare-Cartan form (i.e. F is similar to an energy 
or momentum observable form). 

If the restriction F\cc\V of F to C nV vanishes, then for all Hamiltonian n-curve T such 
that the value ofHonV is h and for any smooth {n — 1)-dimensional submanifold S of 

r, 

j P = ^- ( 44 ) 


h 

Pq(z) 



Figure 5: The deformation of an [n — l)-dimensional submanifold S along pseudohbers 
towards C. 


Proof — We consider a family of deformations of T and S by the flow of a vector held ( 
which is a section of L^ and which pushes T towards C, hence towards CflV. By Theorem 
all Ts’s are Hamiltonian n-curves. Moreover Lemma implies that ( is “vertical”, 


i.e. dq°‘{C,) = 0, and so C J 0 = 0 which implies ( -i F = 0. Thus we can apply Lemma 2.3 : 
Jp F does not depend on s. But on the other hand, since Fjcn-p = 0 and F is continuous 
Jp F tends to 0 when T^ converges to C fl "P. So the result follows. ■ 












Example 12 — Consider the trivial variational problem on maps from to discussed 
in Example 5, Section 2.3.2. Take (in the notations of Example 5) C := {{x,y,e,p,r) G 
A^T*R^/e = r = 0}. Then all pseudofibers Pg{z) cross C along C nV := {{x,y,e,p,r) G 
A^T*R^/e = p = r = 0} ~ R'^. We then observe that all algebraic observable {n — 1)- 
forms F of the form f -i 9, where f is a tangent vector field in R"^, vanishes on C (IV. 
These forms corresponds to the momentum and the energy-momentum of the field. So 
Proposition tells us that the corresponding observable functionals — although there 
are formally observable in our theory — vanishes everywhere in this example. Thanks 
to that there is no contradiction since the trivial variational problem does not carry any 
dynamical information. A similar inspection of Example 7 of Section 2.3.2 (the Maxwell 
field in 2 dimensions) teaches us that combinations p\ + p\, p\ and p^ does not carry 
information too in this case. 


5 Observable (p — l)-forms 


We now introduce observable {p — l)-fornis, for 1 < p < n. The simplest situation 
where such forms play some role occurs when studying variational problems on maps 
u : W —3^: any coordinate function p* on y is an observable functional, which at 
least in a classical context can be measured. This observable 0-form can be considered as 
canonically conjugate with the momentum observable form d/dy^ J 0. A more complex 
situation is given by Maxwell equations: as proposed for the hrst time by I. Kanatchikov 
in IQ (see also Q|), the electromagnetic gauge potential and the Faraday helds can be 
modelled in an elegant way by observable 1-forms and (n — 2)-forms respectively. 


Example 13 — Maxwell eguations on Minkowski space-time — Assume here for sim¬ 
plicity that X is the four-dimensional Minkowski space. Then the gauge field is a 1-form 
A{x) = A^{x)dx^ defined over X, i.e. a section of the bundle T*X. The action functional 
in the presence of a (guadrivector) current field j{x) = j^{x)d/dx^ is J^l{x, A,dA)uj, 
where ui = dx^ A dx^ A dx"^ A dx^ and 

l{x,A,dA) = ~F,,F^^-f{x)A,, 

where F^^ := d^Ay — dyA^ and F^'^ := (see The associated multisym- 

plectic manifold is then AA := X^T*{T*X) with the multisymplectic form 

Q = de A u -\- dp^'^'' A A -f- ■ ■ ■ 

For simplicity we restrict ourself to the de Donder-Weyl submanifold (where all momen¬ 
tum coordinates excepted e and are set to 0). This implies automatically the further 
constraints -1- p^‘'r = q, because the Legendre correspondence degenerates when re¬ 
stricted to the de Donder-Weyl submanifold. We shall hence denote 

p^^' ;= pW'' = —p^''^^. 



Let us call the resulting multisymplectic manifold. Then the multisymplectic form 

can he written as 


Q = de A uj + dn A da where a := a^dx^ and tt := — 




(We also have dn A da = A da^j, A ojy.) Note that here a^j, is not anymore a 

function of x but a fiber coordinate. The Hamiltonian is then 


n{x,a,p) = e - -p^^xPuaP^'^P^'' + f{x)a^. 


However the dynamics and the Poisson bracket strnctnre for [p — l)-forms is then more 
subtle for 1 < p < n than for p = n, since if F is such a (p — l)-form then there is no way 
a priori to “evaluate” dF along a Hamiltonian n-vector X and a fortiori no way to make 
sense that should not depend on X but on dTCm” ■. This situation is in some sense 

reminiscent from the problem of measuring a distance in relativity: we actually never 
measure the distance between two points (hnitely or inhnitely close) but we do compare 
observable quantities (distance, time) between themselves. This analogy suggests us the 
conclusion that we should define observable {p — l)-forms collectively. The idea is naively 
that if for instance Fi, - ■ ■ ,Fn are 0-forms, then they are observable forms if dFi A ■ ■ ■ AdF^ 
can be “evaluated” in the sense that dFi A ■ ■ ■ A dFn{X) does not depend on the choice of 
the Hamiltonian n-vector X but on dTd. So it just means that dFi A ■ ■ ■ A dFn is copolar. 
Keeping this in mind we shall define hrst what are the exterior differentials of observable 
{p — l)-forms (copolar p-forms, see below), before defining observable forms themselves. 

5.1 Copolarisation 

Definition 5.1 Let Xt be a multisymplectic manifold. A copolarisation on M. is a smooth 
vector subbundle denoted by P*T*AA of A*T*AA satisfying the following properties 

• P*T*M := where P^T*M is a subbundle of XT*M 

• for each m E Ai, {P*Tf^Ai, +, A) is a subalgebra of {A*T(^Ai, +, A) 

• Vm G Ai and Va G A^T(fAi, a G P^T(fAi if and only ifWX,X G Om, X J hi = 

X a{X) = a{X). 

Definition 5.2 Let At be a multisymplectic manifold with a copolarisation P*T*Ai. 
Then for 1 < p < n, the set o/observable {p — l)-forms associated to P*T*Ai is the set of 
smooth (p—l)-forms F (sections of A^~^T*AA.) such that for any m E Ai, dFm E P^Tf^Ai. 
This set is denoted by '^P~^Ai. We shall write ^*Ai := ®p^i^P~^Ai. 

Recall the equivalence relation ~ between n-vectors introduced in the proof of Lemma 
1^ and consider its restriction to decomposable n-vectors: VX, X G D(^Ai, X ~ X 


X J f2 = X J f2. Note that an equivalent characterisation of ~ is the following: for any 
n-vectors X and X G Om C X ~ X if and only if (X, 0) = (X, 0), V0 G P^T^A4. 

Indeed on the one hand we have: X ~ X X j hi = X j hi 4>{X) = 4>{X). On the 
other hand if G P^T^Xi, (X, 0) = (X, 0) then it is true in particular for 0 = .^ J O, 
so _ 

ve G T^M, {-in j 
^ V^gT^XI, X 

^ XjO=XjO 

^ X ~ X. 

Hence, using a given copolarisation, we can enlarge the equivalence relation ~ to p-vectors, 
for 1 < p < n, as follows. 

Definition 5.3 Let M. be a multisymplectie manifold with a copolarisation P*T*Xt. For 
each m G M and I < p < n, insider the equivalence relation in hPTmXi defined by 
X ^ X if and only if (X, a) = (X, a), Va G P^Tf^Xi. Then the quotient set P^TmXi := 
XTraXi/ ~ is called a polarisation of Xt. If X G XT^Xi, we denote by [X] G P*TmXt 
its equivalence class. 

Equivalentely a polarisation can be defined as being the dual bundle of the copolarisation 
P*T*M. 


Remark — In the case of pataplectic manifolds where the set of algebraic observable 
(n — l)-forms coincides with we observe that Va G P'^Tf^Xi, there 

exists a unique vector ^ G TmXi such that a + .^ J O = 0. Hence for any 1 < p < n, 
for any observable (p — l)-forms F G and for any 0 G P”“^T^X1, there exists a 

unique vector .^f(0) G TmXt such that 0 A dP + J = 0. We thus obtain a linear 

mapping 

e,.: P-^Tf^Xi T^M 

0 ^ {^( 0 ). 

Hence we can associate to P a tensor held fp whose characterisation at each point m is 
described above. By duality between P'^~PTf^Xt and P^~^TmXi, can also be identihed 
with a section of the bundle P"“PTXf ®m TXi. 


5.2 Examples of copolarisation 

On an open subset Xi of XT*X' we can construct the following copolarisation, that we 
will call standard: for each (g,p) G XT*X' and for 1 < p < n — 1 we take P^^p^T*Xf 
to be the vector space spanned by {dq°‘^ A ■ ■ ■ A <...<« <n+fci 

J G TmXi}. It means that P^^p^T^Xf contains all dq'^^ A ■ ■ ■ A (ig""’s plus forms 
of the type -I for ^ G TqX (which corresponds to differentials of momentum and 
energy-momentum observable (n — l)-forms). 

We remark that, for this standard choice of copolarisation, coincides with the 

set of 1-forms which are proper (see Section 4.5) on [X]^p^, for all possible choices of H 



around {q,p) provided that dpTim 7 ^ 0: this is a straightforward consequence of Lemma 
0| . We believe that this property is more general, i.e.... that the standard copolarisation 
is characterised by the property of being proper. This motivates the following dehnitions 
and conjectures. 


Definition 5.4 Assume that {AA,Q) is a multisymplectic manifold and that we are given 
an open dense subset Om C D^AA. Let 1 < p <n. We say that a p-form a G is 

proper on Om if and only if'iX G Om, 

• either a\x 7 ^ 0 and then WX G Om, such that X J hi = X j hi, 7 ^ 0 

• or a\x = 0 and then VX G Om, such that X j hi = X J hi, a|^ = 0. 

Conjecture 1 — Assume that AA is an open subset of X^T*Af and Om '■= {X G 
D'^AA/ (X J 7 ^ 0}. Then the set of p-forms (for 1 < p < n) which are proper 
on Om coincides with the standard copolarisation. 

Conjecture 2 — Let {AA, hi) be an arbitrary multisymplectic manifold. If, for allm E AA, 
Om is an open dense subset of DlfAA, then the set of p-forms (for I < p < n) which are 
proper on Om is a copolarisation. 


Another situation is the following. 


Example 13’ — Maxwell equations — We continue Example 13 given at the beginning 
of this section. In AA^°'^ with the multisymplectic form LL = de f\ oj + dn f\ da the more 
natural choice of copolarisation is: 

• = 0 RdxA 

0<Ai<3 

• AA^°‘^ = Rdx^^ A dx^'^ © Rda, where da := ■ 

• Ptq,p)T* AA^^^ = © A dx^'^ A dx^^ © Rdx^ A da © Md7r. 

0<Mi<M2<At3<3 0</i<3 

• = Men© 0 Mdx^iAdx^Mda© 0 Mdx^Advr© 0 M^ j 9. 

0<A‘i<M 2<3 0</i<3 0</i<3 

It is worth stressing out the fact that we did not include the differential of the coordinates 
Ofj, of a in P^^p^T*AA^'^^. There are strong physical reasons for that since the gauge 
potential is not observable. But another reason is that if we had included the da^ ’s in 
would not have a copolarisation since da^ A dir does not satisfy the 

condition \fX,X G Om, [-A] = [X] ^ b{X) = b{X) required. This confirms the agreement 
of the definition of copolarisation with physical purposes. 




5.3 Results for the dynamics 

We wish here to generalize Proposition ^]l| to observable (p — l)-forms for 1 < p < n. 
This result actually justihes the relevance of Dehnitions |5.1| , |5.2| and |5.3| . Throughout this 
section we assume that is equipped with a copolarisation. We start with some 

technical results. If is a Hamiltonian function, we recall that we denote by [W]^ the 
class modulo ~ of decomposable n-vector helds X such that X j = (— 

Lemma 5.1 Let X and X he two decomposable n-vectors in D^Ai. If X ^ X then 
VI < p < n, Va e 

X L a ~ X L a. (46) 

Hence we can define [X] L a := [X L a] G 


Proof — This result amounts to the property that for all 0 < p < n, Va G P^Tf^Ai, 
V6 G P^-PPf^M, 


(X L a, 6) = (X L a, b) a A b{X) = a A &(X), 

which is true because of [X] = [X] and a A 6 G P^Tf^A4. ■ 

As a consequence of Lemma ^T|, we have the following dehnition. 

Definition 5.5 Let F G and H a Hamiltonian function.... The pseudobracket 

{H,F} is the section of P^~'pTA i defined by 

{n,F} := (-1)("-P)P[X]^ L dP. 


In case p = n, [H, F} is just the scalar function [X]^ J dP = ([X]^, dP). 

In the case of pataplectic manifolds where an alternative dehnition 

can be given using the tensor held dehned by (|45|). 

Lemma 5.2 Assume that For any Hamiltonian function Ti and any 

F G ‘^'P~^Ai, we have 

{n,F} = -ipAdn, (47) 

where the right hand side is the section of P"‘~^TAi defined by 


{^F J dn, 0) := ^^(0) J dn, V0 G P^-PT*M. 


Proof — Starting from Dehnition |5.5|, we have V0 G Pq ^T*A4, 


{{n,F},ci>) 


(_l)D-P)P([x]^LdF,0) 
(-l)(”-P)P([X]^,dF A0) 
{[XP,0AdF) 
-([XP,eF(0) Jfi) 

j [X]« j D 

-eF(0) J dn. 


(48) 


Example 14 — Assume that A4 = K^T*{X x M) with = de /\oj -\- A dy A 00 ^. 

Consider the Hamiltonian H{x,y,e,p) = e + p^^p^p’^/2 + V{y). Then the solutions of 
X j 12 = {—l)'^dTC can be described by X = Xi A ■ ■ ■ A with 

X = A + + 

^ dp>^ dy ^ dp'^ ’ 

where Then if F = x^, 


{n,x^} = {-i) 


n—1 


A 

dx^ 


A ■ • • A 


A 

dx'^‘ 


E 

11=2 


A 

dx'^ 


Odd 

^ ^ dx>^~^ ^ dy ^ dx^^+^ 


A ■ ■ ■ A 


A 

dx"^ 


+ 


represents (modulo the relation ~) the hyperplane in T^T on which dx^ vanishes. 


We now prove the basic result relating these notions to the dynamics. 


Theorem 5.1 Let (Al,12) be a multisymplectic manifold. Assume that 1 < p < n, 
1 < q < n and n < p + q. Let F G and G G Let T be a slice of 

codimension 2n — p — q and T a Hamiltonian n-curve. Then for any {p + q — n)-vector Y 
tangent to S fl F, we have 

{n, F} j dGiY) = G} J dF{Y), (49) 

which implies 

{n,F} J dG|r = J dP|r. 

Proof — Proving is equivalent to proving 

{{H, F} A Y, dG) = G} A Y, dF). (50) 


We thus need to compute hrst {7F, F} A Y. For that purpose, we use Dehnition |575| : 
{TC,F} = (—l)(”'“P)(”'“9)[x]^ L dF. Of course it will be more suitable to use the repre- 
sentant of [Xf^ which is tangent to F: we let (Xi, ■ ■ • ,X„) to be a basis of T^F such 
that 

Xi A---AX„=:X G [X]^ 

Then we can write 


Y = 


E 


A ■ ■ ■ A 


{H,F} = (-1)(’^-PP[X]^ LdF 

Ml < ■ ■ ■ < Mp 
Mp+1 < ■ ■ • < Mn 


Now 













so that 


{U, F}^Y = (-1)(^-p)(p+5-^)f a {H, F} 








h'l <^'"<Ch'p+qr —n Ml < • • • < fJ-p 
Mp+l < • • • < Mn 

dF{X ^^) ■ ■ ■) A • ■ • A A A • ■ ■ A 

Now A • • • A A A ■ ■ ■ A X^^ 7 ^ 0 if and only if it is possible to complete the 

family , • • •, } by {Xa^ , • • •, } in snch a way that {X^^, • • •, , Xa^ , • • •, ^a„_, } 

{X^,, • • •, X^J and ^ 0. Hence 

{n,F}^Y 


= (-1)^ 


n-p){n-q) 


E 


E ri/'i •••h'p+g — Ti Al • ••\n — q'~pF\ ■ • -Z/p-j-qr — TT. C/J-l ••/^n 


Ml < ■ • • < Mp 1^1 < ■ • • < I^p + q_„ 
Mp+l ^ Mn. -^1 ■ • • <] \ji — q 


dF{X,y^, ■ ■ ■, Xj,p_|_^_^, Xa^, • • •, XA„_^)Xjy^ A ■ ■ ■ A Xj,p_|_^_^ A X^^^^ A • • ■ A X^ 


/J-n 


= (-l) 


{n-p)(n-q) 


E 


^ ^ ^'^l"''^p+q — n^l -^n — qpp+l -Pnrjnlil -l'p^q — ri 


PI <■■< Pp VI < ■ ■ ■ < Vp^g_„ 

Pp+1 < ■ ■ < Pn Ai < ■ • < A„_g 


(Xj^i A ■ ■ ■ A Xjy J dF)(Xxj_, • • ■, Xa„_ )Xy^ A ■ ■ ■ A X,y A X^ ^ A ■ ■ ■ A X^ 


‘‘^p+9 

= (^_l'ji'n'-p)F-q) (^_l'jin-q)(p+q-n)^ L (X J dF) 
= (-1)(”-'')'?Xl(X JdF). 

We conclnde that 




{{H,F} ^Y,dG) = (-1)(’^-'?)5(X,(X jdF) AdG) 

= \x,dG ^{Y AdF)) 

= \x^dG,Y AdF) 

= JdF) 

= AX,dF). 


So the resnlt follow^. 


Corollary 5.1 Assume the same hypothesis as in Theorem \5. j| , then we have the following 
relations (by decreasing the generality) 

® Equation can be generalized forl<p<n, l<q<n and p + g < n by 

{7t,M}LdG= € P^-P-‘>TmM. (51) 




(i) IfFe and G G then 

{n, F} j dG\r = {n, G}dF\r 

(ii) If F E and if G E is such that {H, G} = 1, then denoting uj := dG 

(a “volume form ”) 

{H, Fy _l o’lr = (i-F'ir- 

(ill) If F,Ge we recover proposition 1. 


Proof — It is a straightforward application of Theorem 5.1. 


Example 15 — Consider a variational problem on maps u : X —3^ as in Example 2, 
Section 2.2.1. Take F = y'^ (a 0-form) and G = x^dx"^ A ■ ■ ■ A dx"', in such a way that 
dG = UJ, the volume form. Then we are in case (ii) of the corollary: we can compute 
that {'H,y^} J a; = '^^dTC/dpfdx^ and {H,G}dy^ = dy\ Hence this implies the relation 
dy\r = J2t,dH/dpfdx>lj.. 


5.4 Observable functionals 

Using a slice S of codimension n — p+1 as introduced in dehnition |3.7| and an observable 
{p — l)-form F we can dehne an observable functional denoted symbolically by f^^F : 
> M by: 

r F. 

isnr 

Here the intersection S fl T is oriented as follows: assume that a^, - ■ ■, G Tf^M. 

are such that A ■ ■ ■ A vanishes on TmT and is positively oriented on TmM./Tm'P 

and let X E A.'^TmT be positively oriented. Then we require that X L A ■ ■ ■ A E 

n T) is positively oriented. 

A natural question is to try to understand the slices in the basic situation where A4 is an 

open subset of X“‘T*M. Let us consider a map / = (/^, • • •, f^-P+^') from M. to 

and look for necessary and sufficient conditions on / in order that its level sets be slices. 

However in constrast with ( |49| ) for p + q > n, this relation does not contain any information on the 
dynamics, since it does not involve any Hamiltonian n-curve. Indeed we have: for all a £ , 

{{n,F}\_dG,a) = {{H,F},dG/\a) 

= {-l)P-p)p{[X]^\_dF,dG Aa) 

= l-l)P-p)p{[X]'^,dF AdG Aa) 

= (-l)("-p)p(-l)P9([V]^,dGAdFAo) 

= (_l)(«-p)p+P9([X]« L dG, dF A a) 

= (_l)(«-p)p+P9(_l)(’^-9)9({7^^ dF A a) 

= {-l)i^-p)P-‘i)+pGq^-n^(^{Td^G}\_dF,a). 


from which (^) follows. 





We use the same hypotheses dpH ^ 0 and [X]^ 7 ^ 0 as in section 4.1. We first analyze 
the situation locally. Given a point m G Al, the property “X G [X]^ dfm\x is of rank 
n — p + 1” is equivalent to: 

n—p+1 

i=l 

Hence by using Lemma we deduce that the property X G [X]^ rank dfm\x = 
n — p + 1 is equivalent to 

• V(ti,---,G-p+i) e \ {0}, 3A(m) G R, Udpf^ = A(m)dpLfm. And 

then one easily deduce that 3A^(m), • • •, A”“^+^(m) G R, such that A(m) = tiX'{m). 

• V(ti, ■ ■ - An-p+i) e R”“^+^\{0}, 3(ai, • • •,a„) G /, 31 < /i < n, {Lf, ^ 

0 . 


Now the second condition translate as V(ti, • • •, tn-p+i) G R” \ {0}, 3(q;i, • • •, «„) G 
/, 31 < p < n, 


on fdp ^,dn\ 


^ 0 . 


This condition can be expressed in terms of minors of size n — p + 1 from the matrix 
\§^ ~ purpose let us denote by 




E E 

1 ■ ■ ■<!Ckn —P+1 


000 \ 

--A —^ A ■ ■ • A , dn^df ^ dr~P^^ ) Adg"'^i A- ■ ■ Adg“'^-p+i. 

oPai- a„ oq°‘n dq '"'i-p+i / 

We deduce the following. 

Proposition 5.1 Let M. he an open subset of K^T*M endowed with its standard multi- 
symplectic form G, letLC : Ai —> R 6e a smooth Hamiltonian function and let f : Ai —>■ 
]^n-p+i g, gpfiQQfh function. Let m E A4 and assume that dpTi 7 ^ 0 and [X]^ 7 ^ 0 every¬ 
where. Then X G [X]^ dfm\x is of rank n — p 1 if and only if 

• 3A^(m), ■ • •, A”“^+^(m) G R, VI < i < n — p + 1, dpff^ = X{m)dp'Hm- 

And we deduce the global result: 

Theorem 5.2 Let A4 be an open subset of X^T*M endowed with its standard multisym- 

plectic form G, let TL \ Ai —>■ R 6e a smooth Hamiltonian function and let f : Ai —>■ 

]^n-p+i ^g g, gpfiQoih function. Assume that dpTL 7 ^ 0 and [X]^ 7 ^ 0 everywhere. Then all 
level sets of f are slices if and only if3{q,h) G W x R such that f{q,p) = f{q,TC{q,p)) 
and Vm G A4, {{H, • • •, 7 ^ 0. 










5.5 Brackets 


We now consider observable {p — l)-forms for 1 < p < n and discuss how to define a 
Poisson bracket between these observable forms, which could be relevant for quantiza¬ 
tion. This is slightly more delicate than for forms of degree n — 1 and the dehnitions 
proposed here are based on empirical observations. We hrst assume a further hypothesis 
on the copolarisation (which is satished on or which could also be a consequence 

of Conjecture 2 in Section 5.2). 

Hypothesis on P^T^M. — For all m & M., every 1-form a G Tf^M. which is proper on 
Om (see Definition is in 

Let I < p,q < n and F G and G G and let us analyze what condi¬ 

tion should satisfy the bracket {F, G}. We will consider smooth functions • ■ •, 
g^, - ■ ■, g'^~^ and t on M. such that the level sets of t are slices (we may think t ns n time 
coordinate) and Vm G A4, and dgf^ are proper on Om and df(^ A ■ ■ ■ A dffp^ A dg(^ A 
■ ■ ■ A dg^^^^ 7 ^ 0. Then, because of the hypothesis on P^Tf^Ai, 

F ■=df A---Adf^-P AF and G := dg^ A ■ ■ ■ A dg^-^ A G 
are in Let us moreover assume|3 that 

J df^ = 0, VI < /i < n — p, and J dg^ = 0, 'il < p < n — q. (52) 
Lastly let T be a Hamiltonian n-curve and S be a level set of t. Then 

We now suppose that the functions / := (/^, • • •, /"'“^) and g := {g^, • • •, concentrate 
around submanifolds denoted respectively by 7 / and fig of codimension n — p and n — q 
respectively. More precisely we suppose that the image of / (reps, g) covers the unit 
cube in (resp. in M""'^), that df^ A ■■■ A df'^~^ (resp. dg^ A ■■■ A dg'^~'^) is zero 

outside a tubular neighborhood of fif (resp. of fig) of width e: and that the integral of 
df^ A ■ ■ ■ A df"'~P (resp. dg^ A ■ ■ ■ A dg'^~‘^) on a disc submanifold of dimension n — p (resp. 
n — q) which cuts transversaly fif (resp. fig) is equal to 1. Moreover we suppose that 
fif and fig cut transversaly S fl T along submanifolds denoted by 7 / and 7 ^ respectively. 
Then, as e —>• 0, we have 


[ df A---A dp-P AF- 

' / P’ 

[ dg^ A-■■ A dg^-'^ AG- 

' / 

/snr 

2sn7/nr 

isnr 

2sn7gnr 


This tells us that the left hand side of (|53D is an approximation for 


E 



We now want to compnte what is the limit of the right hand side of Using the 

condition (|^ we have 


{F,G} = _id{dg^ A--- Adg'^-^ AG) 

= _\dg^A---A dg^-'J A dG 

= dg^ A ■ ■ ■ A dg^~^ A J dG) . 

Bnt we have similarly: 

{F,G} = -d/i A ■ ■ ■ A dp-P A (eg J dF) . 


We now nse the following resnlt. 

Lemma 5.3 Let 0 G with 4> ^ 0 and I < p,q < n such that p + q > n + 1. 

Suppose that there exists 2n—p—q linearly independant 1-forms • • •, b^, - ■ ■, G 

a G and jd G such that cf = A ■■■ A A a and (f = 

6^ A ■ ■ ■ A 6”“^ A p. Then there exists x ^ such that p = A ■■■ A aT~^ A 


^°see the “Hypothesis on ^Af” below about this assumption 

























A ■■■ A b'^~^ A X- This x is not unique in general and is defined modulo forms in the 
ideal in spanned by the aj’s and the bj’s. However it is a unique real scalar if 

p + q = n + 1. 

Proof — This is a consequence of Proposition 1.4 in [^. The idea is based on the obser¬ 
vation that a^, • • •, , b'^~^ are in {a G Tf^M./a A 0 = 0}. ■ 

We deduce from Lemma |5.3| that there exist a form x G (not unique a 

priori) such that {F, G} = df^ A ■ ■ ■ A df'^~P A dg^ A ■ ■ ■ A dg'^~‘^ A x- We thus require that 

{F, G} = df A---A dr-P Adg^ A---A dg^-^ A {F, G}. (54) 


This does not characterize completely {F, G}, unless p + q = n-|- 1, the case {F, G} where 
is a scalar. We can now write the right hand side of (|55|) as 


df A---A dp-P Adg^ A---A dg^-'^ A {F, G}. 


'snr 


Letting £ —>■ 0, and assuming that fif and fig cross transversaly this integral converge to 


/ {F,G}, 

-'Sn7/n%nr 

so that we have 

1 / fJ g]{T)= [ {F,G}. 

^sn7g J -'Sn7/n%nr 

Here the intersection Eny/fl^nT is oriented by assuming that X L dtAdfAdg is oriented 
positively, if X G [Xfi^ orients positively T^T. Hence if we had started with G} = 

- /snr{^’ F} we would have obtained - /sn 7 ,n 7 /nr{^’ F} = -[-l)G-p)(n-<i) 

Since the resulting brackets should coincide we deduce that 

{F, G} + (-1)(^-P)(^-'^){G, F} = 0. 

Let us now discuss if we can guess a more direct dehnition of {F, G}. A hrst case is when 
one of the two forms F or G is in let us say F G and G G then 

we let 

{F,G}-.= -fG^dF ( 55 ) 

This is the idea of external bracket as in Paragraph 3.3.2. We remark that if /^, • ■ ■, f"‘~^ 

are in and are such that fc-^df^P-- ■Adf'^~P = 0, then df^A-- -Ad/^'^AF G 

and 

{d/i A ■ ■ ■ A dp-P A F, G} = d/^ A ■ ■ ■ A dp-P A {F, G} 
so that the requirement (Isl) is satished. 


Now if F G G G and 1 < p, g < n, we do not see an analogne of (^) for 

defining {F, G}. However we can observe empirically that in most examples the following 
is trne. 

Hypothesis on — For any F G such that there exists 1 < p < n such 

that dF G {P^~pT*M) A {PPT*M) and for any f G such that df is a point-slice, 

we have {F, /} = 0. 


The nice point is then that this hypothesis implies (p^ . So nsing this hypothesis we 
can dehne {F, G} at least for all cases p + q = n. We believe that this hypothesis (to¬ 
gether with the hypothesis on P^Tf^M) has a physical content, since according to the 
examples we know, (n — l)-forms F G snch that dF cannot be decomposed in 

[P"'-PT*A4) A {PPT*M.) for 1 < p < n are “pnre momentnm” observable forms and are 


canonically conjngate to fnnctions whose differential is proper on Or. 
forms. 


i.e. 


■‘position” 0- 


Example 16 — Sigma models — Let M. := x 3^) as in Section 2. For simplicity 

we restrict ourself to the de Donder-Weyl submanifold (see Section 2.3), so that 

the Poincare-Cartan form is 9 = eu) + pfdy^ f\uj^ and the multisymplectic form is Q = d9. 
Let (p be a function on X and consider the observable 0-form p* (for 1 < i < k) and the 
observable {n — l)-form Pj^^ := (j){x)d/dy^ J 9. Then = cpd/dy^ — pj {d(p/dx^) d/de 
and thus p*} = J dy^ = <5*0. It gives the following bracket for observable 

functionals 




p* Wr) = / 5](l){x) = 5] V sign{m)(f)(m), 

IT. JTPn ) JTrfinr mesn^nr 


where S, 7 and T are supposed to cross transversaly and sign{m) accounts for the orien¬ 
tation of their intersection points. 

Example 13” — Maxwell equations — In this case we find that, for all functions /, gi, g 2 : 
XiMax —whose differentials are proper on Om, {d/Ayr, dpi Adg2 Aa} = df AdgiAdg 2 . 
We hence deduce that {tt, a} = I.- these forms are canonically conjugate. We deduce the 
following bracket for observable functionals 


TT, / a ^ (r) = > siqn(m), 

iTn^f JTn% j m^Enyfn%nr 

where S fl 7 / fl T is a surface and S fl 7 ^ fl T is a curve in the three-dimensional space 
S n r. Note that this conclusion was achieved by 1. Kanatchikov with its definition of 
bracket {7r,a}Kana ■= -I da, where G is such that -I ^ = dn. But 

there by choosing = {I/‘2)'ff^{d/dafj,) A {d/dx^) one finds (in our convention) that 
{tt, ajxana = ^(2 (= 2, if u = A). So the two brackets differ (the new bracket in this 
paper differs also from the one that we proposed in H/y 


6 Dynamical observable forms and functionals 


We have seen in Paragraph 3.3.4 that integration of algebraic observable (n—l)-fornis over 
the intersection of a slice of codimension 1 with a Hamiltonian n-curve dehnes observable 
functionals on These observable functionals are of the same type that the ones 

built using the standard canonical formalism for held theory (based on choosing a time 
variable on the space-time X\ then the slices correspond to constant time hypersurfaces). 
Moreover the bracket between observable functionals dehned in Paragraph 3.3.4 coincides 
with the Poisson bracket obtained by means of the standard canonical formalism (based 
on the well-known symplectic structure on inhnite dimensional manifolds), see |]^, PB| , 
But there is one problem left: to make sense of the Poisson bracket of two observable 


functionals supported on different slices. This is essential in an Einstein picture (classical 
analogue of the Heisenberg picture) which seems inavoidable in a completely covariant 
theory. It will lead to the notion of dynamicalohseiYdhle forms (in contrast with kinematic 
observable functionals) which corresponds more or less to the notion used by J. Kijowski 
This is the subject of this Section. 


m 
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6.1 Dynamical observable (n — l)-forms 

We come back here to the Poisson bracket between two observable functionals of the form 
Jj, F and /j. G, i.e./^{F, G}. We see a difficulty: if E and E' are two different slices of 
codimension 1, there is no way a priori to dehne the Poisson bracket between F and 
G. At this point we can choose between two options: either we accept that and try 
to construct a quantum held theory using a kind of Schrodinger picture — but the loose 
the covariance of the theory —, or we wish to use the Heisenberg picture and we try to 
extend the above concepts in order to make sense of the Poisson bracket between F 
and Jj,, G. Let us explore this strategy. 

One way to dehne the Poisson bracket between F and G is to express one of the 
two observable functionals, say G, as an integral over E. This motivates the search 
for observable {n — l)-form G such that 

f G = [ G on 8^. 

Jt,' Jt, 

This can be achieved for all slices E and E' which are cobordism equivalent, i.e. such that 
there exists a smooth domain V in A4 with dV = E' — E, if dG\Y = 0, VP G 8^. Then 
indded 

[ G - [ G = [ G = [ dG = 0. (56) 

Jsnr Js'nr Javnr Jvnr 

Thus we are led to the following. 

Definition 6.1 A dynamical observable {n — l)-form is an observable form G G 
such that 


{H,G} = 0 










Now Corollary p.l| implies immediately that if G is a dynamical observable {n — l)-form 
then dG\r = 0 and hence (|5^) holds. As a consequence if F is any observable {n — l)-form 
and G is a dynamical observable (n — l)-form (and if one of both is an algebraic one), 
then we can state 


The concept of dynamical observable form is actually more or less the one used by J. 
Kijowski in [^, since his theory corresponds to working on the restriction of on 

the hypersurface H = 0. 


Hence we are led to the question of characterizing dynamical observable {n — l)-forms. 
(We shall consider mostly algebraic observable forms.) This question was already in¬ 
vestigated for some particular case in (and discussed in 


15 


and the answer was a 

(surprising) deception: as long as the variational problem is linear (i.e. the Lagrangian 
is a quadratic function of all variables) there are many observable functionals (basically 
all smeared integrals of helds using test functions which satisfy the Euler-Lagrange equa¬ 
tion), but as soon as the problem is non linear the choice of dynamical observable forms 
is dramatically reduced and only global dynamical observable exists. For instance for a 
non nonlinear scalar held theory with L{u, du) = — | Vup -|- the only 

dynamical observable forms G are those for which is a generator of the Poincare group. 
One can also note that in general dynamical observable forms correspond to momentum 
or energy-momentum observable functionals. 


Several possibilities may be considered to go around this difficulty. If the variational 
problem can be seen as a deformation of a linear one (i.e. of a free held theory) then it 
could be possible to construct a perturbation theory, leading to Feynman type expansions 
for classical helds. For an example of such a theory, see [O. Another interesting direction 


would be to explore completely integrable systems. We present here a third alternative, 
which relies on symmetries and we will see on a simple example how the purpose of 
constructing dynamical observable forms leads naturally to gauge theories. 


6.2 An example: complex scalar fields 

We consider on the set of maps : M"’ —>■ C the variational problem with Lagrangian 


Lo{(p,dip) 


1 

2 ' dx>^ dx^ 


+ F 




dxfj- dx'^ dxf^ dx'^) \ 2 ) ' 


Here (p = We consider the multisymplectic manifold A4o, with coordinates x^, 

(j)^, 0^, e, p'^ and P 2 and the multisymplectic form Qq = de A uj + dp^ A dcff A (which is 
the diherential of the PoincarGCartan form do := eu+p'^d(j)°‘ Autf^). Then the Hamiltonian 
is 


no{x,(j),e,p) 



2 

















We look for {n — l)-forms Fq on M.q such that 

cIFq + Qq = 0, for some vector held ^p^, (57) 

dHoi^Fo) = 0. (58) 

The analysis of this problem can be dealt by looking for all vector helds 

eo = X^{x, 0, e,p)^ + <h“(a;, 0, FP)-^ + E{x, 0, e,p)^ + P^{x, 0, e, p) 




satisfying (^) and (^ 8 l). For simplicity we will assume that = 0 (this will exclude 
stress-energy tensor observable forms X^-^ J ^o, for X^ constant). Then we hnd two 
cases: 


If I7(|0p/2) is quadratic in 0, i.e. if I7(|0p/2) 
have the solutions 


= m 


72 , then Equations (|57|) and (|57|) 


^ f) f BTJ'^ \ r) r)U°‘ B 

io = Ajo + - f + <5a.h7/“(x)0^) - + ' ' 


de 


[X) 


dx>^ dpX 


where A is a real constant, 


Jo : = 




k"— 



L and are arbitrary solutions of the linear equation LU + m^U — 

0. Then F„ = + y 

However if V is not a constant, then system (|57D and ( 0 ) has only the solutions .^0 = Ajo 
and the resulting dynamical observable (n — l)-form is Fq = A(p(|‘ 0 ^ — P 2 (j)^)u}fi, which 
corresponds to the global charge due to the U{1) invariance of the Lagrangian. 


For instance we would like to replace A by a smooth function 0 of x, i.e. to look at 
F = il){x){pi(lP‘ — P 2 <p^)uj^. These are non dynamical algebraic observable (n — 1)- 
forms since we have dFi ^ j fig = 0 , where ^ := 0 jo ~ (Pi 0 ^ ~ 7 * 20 ^)^^) but 

In order to enlarge the set of dynamical observable forms, we further incorporate the 
gauge potential held A := A^dx'^ and consider the Lagrangian 

Li((p, H, dp) := + zA^pJ + zA.p'J - H , 

where := It is invariant under gauge transformations p 1 —>• e^^p, A 1 —>• 

A — dO. Note that we did incorporate an energy for the gauge potential A. We now 




















consider the multisymplectic manifold A4i with coordinates x^, 0^, e, p^, P 2 , and 

The mnltisymplectic form is: hli = def\uj + dp'^/\d4>°‘ f\ijj^ — {dax/\dx^) f\{\dp>^^ 

The Hamiltonian is then 


ni{x,(p,a,e,p) = e +^p^u{PiPi+P2P2) + 


1 /U|2 

_ V 


V - ■^Vt.WuaP'^ p 


The gain is that we may now consider the algebraic observable {n — l)-form 


Fi := 'il:{x){pt(f>^ - A w 


flU' 


where ip is any smooth fnnction of x. We indeed still have on the one hand dFi = — J hli, 
where 

6 v-to - A + ^ . 


Then d'Hi{p^Fi) — 0- Thns Fi is a dynamical observable (n — l)-form. 
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